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PRELIMINARIES FOR THE THEORY OF
PREHOMOGENEOUS VECTOR SPACES
AKIHIKO GYOJA
Department of Fundamental Sciences, Faculty of Integrated Human Studies,
Kyoto University, Kyoto 606-01, Japan
Recently the theory of prehomogeneous vector spaces depends on more and more
various fields including (1) $D$-modules and their microlocal analysis, (2) algebraic
geometry, especially geometric invariant theory and etale cohomologies. Sometimes
to learn these materials needs alot of effort, especially when the material is assumed
to be well known among experts, without references accessible for non-experts. The
subsequent notes are included here with the hope that they might be of some use
when the situation is such. These notes are written on various $\mathrm{o}\mathrm{c}\mathrm{c}\mathrm{a}\mathrm{S}\mathrm{i}\mathrm{o}\mathrm{n}\mathrm{s}_{!}$. some are
for my personal use. Let me explain about each note.
1. On affine open subsets. Here a proof of the following fact is given in a most
general setting. A $Zari,sk\dot{i}$ open subset $U$ of an affine space $\mathrm{A}^{n}$ is an affine variety
$i,f$ and only $\dot{i}f$ it can be expressed as $U=\mathrm{A}^{n}\backslash f^{-1}(0)$ with some polynomial function
$f$ .
2. On Matsushima’s theorem. Various proof of $\mathrm{t}1_{1}\mathrm{i}_{\mathrm{S}}$ theorem can be found in
the references cited at the end of this note. Unfortunately the most transparent
one is only alluded in the introduction of Richardson [Ri] as a quote from a letter
from A.Borel: $‘’\ldots$ it is clear that the proof1 given in my joint paper with Harish-
Chandra goes over verbatinl in arbitrary characteristic, using \’etale cohomology.
$\ldots$
” The purpose of this note is to afford the detail.
3. On Radon transformation. In $[\mathrm{D}\mathrm{G}$ , 3.3.10$]$ , we have indicated how our
Radon transformation given in (3.3.9) in $1\mathrm{o}\mathrm{c}$ . $\mathrm{c}\mathrm{i}\mathrm{t}$ . relates to the one given in [Br,
9.13]. Here I record the detail of the proof.
4. On $\mathrm{n}\mathrm{o}\mathrm{n}- \mathrm{c}1_{1}\mathrm{a}\mathrm{r}\mathrm{a}\mathrm{c}\mathrm{t}\mathrm{e}\mathrm{r}\mathrm{i}_{\mathrm{S}}\mathrm{t}\mathrm{i}\mathrm{C}$pull-back of $D$-modules. Without doubt, the non-
characteristic pull-back for $D$-modules is well understood. But I could not find a
reference except for [SKK, pp.406-418], where only a version for $\mathrm{m}\mathrm{i}_{\mathrm{C}\mathrm{r}0}\mathrm{d}\mathrm{i}\mathrm{f}\mathrm{f}\mathrm{e}\mathrm{r}\mathrm{e}\mathrm{n}\mathrm{t}\mathrm{i}\mathrm{a}1$
equations is given, the zero section of the cotangent bundle being excluded from
the consideration. Here I give a $D$ -module version with a detailed proof.
1See 3.6 of A.Borel. Harish-Chandra. Arithmetic subgroups of algebraic groups. Ann. of Math.
75 (1962), 485 535.
Typeset by $A_{\mathcal{M}}S-\mathrm{I}\mathbb{E}X$
999 1997 133-171 133
5. On $D$-modules associated to a complex power of a function. In (5.4)
of $’:\mathrm{A}$ .Gyoja, Theory of prehomogeneous vector spaces, II, a supplement: to appear
in Publ. RIMS, Kyoto $\mathrm{U}\mathrm{n}\mathrm{i}\mathrm{v}\mathrm{e}\mathrm{r}\mathrm{S}\mathrm{i}\mathrm{t}.\mathrm{y}’’$ , I gave a lemnla without proof because it seems
standard. In fact, in Ginsburg [Gi], this lemma is attributed to A.Beilinson and an
outline of the proof is given. This note is emerged from my effort to understand it.
The proof given in my note is by no means elegant nor transparent.
1. ON AFFINE OPEN SUBSETS
(1) Let $A$ be a normal domain ($\dot{i}.e.$ , a noetherian domain which is inte.qrably closed
$i.n$ i.ts fractional field), $X=\mathrm{s}\mathrm{p}\mathrm{e}\mathrm{c}A,$ $\mathcal{O}_{X}$ the structure sheaf, and $U\subset X$ an open
subset. If $(U, \mathcal{O}_{X}|U)$ is an affine scheme, then $X\backslash Ui.s$ purely of $cod\dot{i}menS\dot{i}\mathit{0}n$ one.
(2) If further $A$ is a $re$.qular rin.q ($i.e.$ , a noetherian domain such that every local
rin.q $A_{p}(p\in \mathrm{s}\mathrm{p}\mathrm{e}\mathrm{c}A)i.s$ a $re$.qular local $r\dot{i}n.q$), then for each $x\in X$ , there exist
$f,$ $.q\in A$ such that $X_{f}\cap U=X_{f}\cap X_{g}$ and $x\in X_{f}$ . $(X_{f}.=\vee\{x\in X|f(x)\neq 0\}.)$
Proof. (1) Let $Z$ be an irreducible component of $X\backslash U$ whose codimension is $\geq 2$ ,
and $z$ its generic point. Then for any point $x\in X$ of codimension one such that
$\overline{\{x\}}\ni z,$ $B:=\Gamma(U, \mathcal{O}_{X})\subset \mathcal{O}_{X.x}$ . Since $A$ is normal, $B\subset \mathcal{O}_{X_{:}z}$ . Let $m_{X.z}$ be the
maximal ideal of $O_{X,z}$ . Since $U=\mathrm{s}\mathrm{p}\mathrm{e}\mathrm{c}B$ is affine and since $m_{X.z}\cap B$ is a prime
ideal of $B_{:}$
(3) $m_{X_{:}z}\cap B=m_{X,x}\cap B$ for some $x\in U$ .
Assume that there exists $0\neq h\in\Gamma(X, \mathcal{O}_{X})$ such that $h|U=0$ . Then $X_{h}\cap U=\phi$
and $X_{h}\neq\phi$ , contradicting the irreducibility of $X$ . Hence $\Gamma(X, \mathcal{O}_{X})arrow\Gamma(U, \mathcal{O}_{X}|U)$
is injective, i.e., $A\subset B$ . Thus it follows from (3) that $m_{X.z}\cap A=m_{X.x}\cap A$ ,
contradicting $z\neq x$ .
(2) follows fronl (1). $\square$
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2. ON $\mathrm{M}\mathrm{A}\mathrm{T}\mathrm{S}\mathrm{U}\mathrm{S}\mathrm{H}\mathrm{I}\mathrm{M}\mathrm{A}’\mathrm{s}$ THEOREM
In this note, we shall give a detailed account of the following theorem due to
Matsushima.
2.1.1 Theorem. Let $H$ be a closed sub.qroup of a reductive group G. Then the
followin.$q$ conditions are equivalent:
(1) $G/Hi.s$ an affine vari. $ety$.
(2) $H$ is a reductive group.
Here we understand the quotient $G/H$ in the sense of [Bo, \S 6]. (In particular,
see (6.1), (6.3) and (6.8) in $1\mathrm{o}\mathrm{c}$ . $\mathrm{c}\mathrm{i}\mathrm{t}.$ ) We do not assume the connectedness for a
reductive group. Note that the base field is of an arbitrary characteristic.
2.1.2. Remark. For the history of this theorem, see the introduction of [Ri]. See
also [Ha].
2.1.3. Convention. We fix always an algebraically closed field $k$ . Every variety,
say $X$ , is assumed to be over $k^{\wedge}$ , and identified with the set $X(k)$ of its k-rational
points. We write $k[X]$ for $\Gamma(X, \mathcal{O}_{X})$ .
2.2. Proof of (1) $\Rightarrow(2)$ .
2.2.1. Let $l$ be a prime number, $\neq \mathrm{c}\mathrm{h}\mathrm{a}\mathrm{r}(k^{\wedge})$ . For any variety $X$ over $k$ , put
$m(X):= \max\{\dot{i}|H^{i}(X, \mathrm{Q}_{\iota)}\neq 0\}$ ,
where $H^{i}$ is the $l$-adic \’etale cohomology.
2.2.2. Lemma. For a linear $al.qebra\dot{i}C.qr\mathit{0}up$ $G$ , we have $m(G)\leq\dim G$ , and the
equality holds $\dot{i}f$ and only $\dot{i}fG$ is reductive.
Proof. We may assume that $G$ is connected.
(I) First assume $G$ reductive. Then
$H^{\cdot}(G, \mathrm{Q}_{l})=\Lambda^{\cdot}(I(\mathrm{s}_{\mathrm{y}}\mathrm{m}.(x\otimes \mathrm{Q}l(-1)1^{-}1])W))$ ,
cf. [De, 8.2], and hence $m(G)=\dim$ G. (Here $\Lambda^{\cdot}$ $()$ denotes the Grassmann
algebra, $I()$ denotes t,he totality of ‘ indeconlposable $\mathrm{e}\mathrm{l}\mathrm{e}\mathrm{m}\mathrm{e}\mathrm{n}\mathrm{t}\mathrm{S}’’,$ $\mathrm{S}\mathrm{y}\mathrm{m}.()$ denotes
t,he symmet, $\mathrm{r}\mathrm{i}\mathrm{c}$ algebra, $X$ denot,es the character lattice of the maximal torus of $G$ ,
and $($ $)^{W}$ denotes the $\mathrm{i}\mathrm{n}\mathrm{v}\mathrm{a}\mathrm{r}\mathrm{i}\mathrm{a}\mathrm{l}\mathrm{l}$ {, part under t,he Weyl group action.)
(II) Consider the general case. Let $U$ be the unipotent radical of $G$ , and $\pi$ : $Garrow$
$G/U$ be the projection. Then t,he spectral sequence
$E_{2}^{ij}=Hi(G/U, Rj\pi_{*}\mathrm{Q}_{l})\Rightarrow H^{i+j}(G, \mathrm{Q}l)$




$m(G)=\dim G\Leftrightarrow\dim U=0\Leftrightarrow G$ is reductive. $\square$
2.2.3. Proof of ( $1\rangle\Rightarrow(2)$ . Let $\pi:\cdot Garrow G/H$ be the projection. Consider the
spectral sequence
(1) $E_{2}^{ij}=H^{i}(G/H,$ $R^{j}\pi_{*}\mathrm{Q}_{\iota)}\Rightarrow H^{i+j}(G, \mathrm{Q}l)$ .
Assume that $G/H$ is affine but $H$ is not reductive. Since $G/H$ is affine, we have
(2) $E_{2}^{ij}=0$ unless $0\leq\dot{i}\leq\dim G/H$ .
Since $\pi$ is smooth, we have $(R^{j}\pi_{*}\mathrm{Q}_{l})_{x}\simeq H^{j}(H, \mathrm{Q}\iota)$ for all $x\in G/H$ . Hence (2.2.2)
yields that
(3) $E_{2}^{ij}=0$ unless $0\leq j<\dim H$.
$\mathrm{c}_{\mathrm{o}\mathrm{n}1}\mathrm{b}\mathrm{i}\mathrm{n}\mathrm{i}\mathrm{n}\mathrm{g}(1)-(3)$ , we get
$H^{i}(G, \mathrm{Q}_{l})=0$ unless $0\leq\dot{i}<\dim G$ .
Hence $G$ is not reductive by (2.2.2). $\square$
2.3. Proof of $(2\rangle\Rightarrow(1\rangle$ .
We start with the following lemma.
2.3.1. Lemma. Let $f$ : $Xarrow \mathrm{Y}$ be a surjective morphism of vari.eties over an
algebraically closed field $k$ with finite fibres. Assume that $\mathrm{Y}$ is affine and $f^{*}$ :
$k[Y]arrow k[X]$ is an isomorphi.$sm$. Then $f$ is an isomorphism.
Froof. By Zariski’s Main Theorem [EGA, IV, (8.12.6)], there exists a commutative




where $X\subset\overline{X}$ is an open dense subset, and where $\overline{f}$ is a finite $\mathrm{m}\mathrm{o}\mathrm{r}\mathrm{p}\mathrm{l}\dot{\mathrm{u}}\mathrm{S}\mathrm{m}$. Since $\mathrm{Y}$ is
an affine variety and since $\overline{f}$ is an affine morpllism, $\overline{x}$ is also an affine variety. From





$\mathrm{H}\mathrm{e}\mathrm{n}\mathrm{C}\mathrm{e}\overline{f}^{*}$ is an isomorphism, $\overline{f}$ is an isomorphism ($\overline{X}$ and $\mathrm{Y}$ being affiine), $X=\overline{X}$
( $f$ being sur.jective), and finally we get the result. $\square$
2.3.2. Proof of (2) $\Rightarrow(1)$ . Assume that $G$ is any linear algebraic group and $H$
is reductive. (The reductivity of $G$ is not necessary for this half of the prof.) Let
$H$ act on $G$ by the right multiplication. Put $\mathrm{Y}:=\mathrm{S}_{\mathrm{P}^{\mathrm{e}\mathrm{C}}}k[G]^{H}$ . (Cf. (2.1.3).) Let
$\alpha$ : $Garrow \mathrm{Y}$ be the morphism corresponding to the inclusion $k[G]^{H}arrow k[G]$ . By the
universal property of $\pi$ : $Garrow G/H$ [Bo, 6.3], we get the morphism $G/Harrow\beta$ Y.
B..y the definition in [Bo, 6.3], the points of $G/H$ are in one-to-one correspondence
wlth $\{.qH|.q\in G\}$ . On the other hand, by [Ri, 1.3], the points of $\mathrm{Y}$ are also in one-
to-one correspondence with the same set. Hence $\beta$ is $\mathrm{b}\mathrm{i}$.jective. By the definition
in [Bo, 6.1, (2)] (with $K=k,$ $U=V=G$, and $W=G/H$ in the notation in $1\mathrm{o}\mathrm{c}$ .
$\mathrm{c}\mathrm{i}\mathrm{t}.)$ , we can identif.
$k[G/H]=$ { $\varphi\in k^{\sim}[G]|\varphi$ is constant on each.$qH(.q\in G)$ } $=k[G]^{H}=k[\mathrm{Y}]$ .
Now apply (2.3.1) to $\beta$ : $G/Harrow \mathrm{Y}$ . Then we see that $\beta$ is an isomorphism. Since
$\mathrm{Y}$ is an affine variety, $G/H$ is also so. $\square$
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3. ON RADON TRANSFORMATION
This note is a detail of [DG, (3.3.10)]. We cite [DG, (a.b.c)] simply as (a.b.c).
In this note, we describe, when $\chi=1$ , how our iRadon $\mathrm{t}\mathrm{r}\mathrm{a}\mathrm{n}\mathrm{s}\mathrm{f}\mathrm{o}\mathrm{r}\mathrm{m}\mathrm{a}\mathrm{t}\mathrm{i}\mathrm{o}\mathrm{n}\mathcal{R}\backslash .\cdot...$
.
()’ giv.en
in (3.3.9) relates to the one given in [Br, 9.13]. ..
Let V $=\mathrm{A}_{\mathrm{F}_{4}}^{n}$ , $V^{}$ be the dual space of V, and \langle ) : $V^{}\cross Varrow \mathrm{A}_{\mathrm{F}_{q}}^{1}$ the natural
pairing. Let $V^{\cross}:=V\backslash \{0\},$ $V^{\vee\cross}:=V^{}\backslash \{0\},$ $P:=V^{\cross}/\mathrm{G}_{m},$ $P^{\vee}:=V^{\vee\cross}/\mathrm{G}_{m}$ ,
$V^{\vee\cross}arrow pr^{\vee}V^{\vee\cross}\cross V^{\mathrm{X}}rightarrow prV^{\cross}$












be the natural morphisms, $Z:=\{(.q^{\vee}(v^{}), .q(v))\in P^{}\cross P|\langle v^{}, v\rangle=0\},$ $R$ $:=$
$P^{\cross}\cross P\backslash Z$ , and $p^{-_{r_{Z}}}$ etc. the restriction of $p^{-_{r}}$ etc. to $Z$ etc. In this paragraph, we
always assume that
$\underline{(1})K\in D_{c}^{b}(V,\overline{\mathrm{Q}_{l}})$ is the zero extension of $K|_{V^{\mathrm{x}}}$ , and $K|_{V^{\cross}}=.q^{*}\overline{K}$ for some
$K\in D_{c}^{b}(P,\overline{\mathrm{Q}_{\iota}})$ .
In [Br, 9.12], the Radon transform $\Phi(\overline{K})\in D_{c}^{b}(P^{\vee},\overline{\mathrm{Q}l})$ is defined to be
(2) $(\mathrm{I}’(\overline{K}):=R(p^{-_{r^{\vee}}}z)_{!}(^{-}prz)^{*}\overline{K}[n-2]$ .
Then under the assumption (1), we have a distin.guished triangle
(3) $.q^{*}R^{-}pr!p^{-}r^{*}\mathrm{v}\overline{K}\iota n$. $-1]arrow \mathcal{R}(K)arrow.q^{*}<\mathrm{I})(\overline{K})(-1)arrow+1$ .
Proof. Let $\varphi$ : $V^{\cross}(\mathrm{F}_{q})arrow\overline{\mathrm{Q}_{l}}$ be a function such that $\varphi(tv)=\varphi(v)$ for all $t\in \mathrm{F}_{q}^{\cross}$
and $v\in V^{\mathrm{x}}(\mathrm{F}_{q})$ , i.e., such that $\varphi(v)=\overline{\varphi}(.q(v))$ for some $\overline{\varphi}:P(\mathrm{F}_{q})arrow\overline{\mathrm{Q}_{l}}$ . Consider
the following calculation:
$v \in V^{\cross}(\mathrm{F}\sum_{)qt\in \mathrm{F}\sigma}.\varphi(v)\psi(t(\langle v^{}, v\rangle-1))$
$– \sum_{v\in V^{\cross}(\mathrm{F}_{q}).t\in \mathrm{F}s\in q\cdot \mathrm{F}_{q}}\overline{\varphi}(.q(v))\psi(t(*\mathrm{x}\langle v^{}, v\rangle-S))$
$=q \sum_{\mathrm{F}v,(v\in V^{\mathrm{x}}(q))\neq 0}\overline{\varphi}(v^{\vee}:*.q(v))$
.
Here $\sum^{*}$ means the sum over the equivalence classes of $(v, t, s)$ or $v$ with respect
to $(v, t, s)\sim(\lambda v, \lambda^{-1}t, \lambda_{S})$ or $v\sim\lambda v(\lambda\in \mathrm{F}_{q}^{\mathrm{x}})$ . Following this calculation, we get
(4) $R\pi_{!}^{\vee}(\pi K*\otimes a^{*}L_{\psi)}|_{V^{\vee}}\cross=.q^{\vee*}R(pr_{R}^{}-)!(\mathrm{P}rR-)^{*}\overline{K}(-1)1^{-2}1\cdot$
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$=.q^{}R*(^{-_{r}}p)!(R\Gamma c(\mathrm{G}_{m},\overline{\mathrm{Q}l})\otimes p^{-_{r^{*}}}\overline{K})$ .
Now we obtain the following commutative diagram in $D_{c}^{b}(V^{\vee\cross},\overline{\mathrm{Q}\iota})$ , whose rows








Indeed, we get the first horizontal triangle from (3.3.7), (4) and (3.3.9). The second
horizontal triangle is the obvious one. From the distinguished triangle
$\overline{\mathrm{Q}_{l}}[-1]arrow R\Gamma_{c}(\mathrm{G}_{m},\overline{\mathrm{Q}_{\iota)}}arrow\overline{\mathrm{Q}_{\iota}}(-1)1-2]arrow+1$
and (5), we get the first vertical triangle. Then by [BBD, 1.1.11], we get the second
vertical triangle. $\square$
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4. NoN-CHARACTEBISTIC PULL-BACK OF $D$-MODULES
4.1. Differential oper.ators.
4.1.1. Definition. Following [SKK], we define $\mathrm{t}1_{1}\mathrm{e}$ sheaf of (algebraic) $\mathrm{d}\mathrm{i}\mathrm{f}\mathrm{f}\mathrm{e}\mathrm{r}\mathrm{e}\mathrm{n}\mathrm{t}\mathrm{i}_{\mathrm{d}}1$
operators on a smooth variety X by
$D_{X}=$ { $R\Gamma_{1^{X}1}(\mathcal{O}_{X\mathrm{x}}x)[\dim X]\otimes \mathrm{z}_{X}$ od‘’ $(\mathrm{Z}_{X}\otimes\omega x)$ } |x,
where $X$ is identified with the diagonal of $X\cross X$ , and where $\omega_{X}$ is the invertible
sheaf of $\mathrm{d}\mathrm{i}\mathrm{f}\mathrm{f}\mathrm{e}\mathrm{r}\mathrm{e}\mathrm{n}\mathrm{t}\mathrm{i}\delta 1$ forms of highest degree.
4.1.2. Example. In order to understand this definition, let us take up the case
where $X$ is an open subset of $\mathrm{A}^{1}$ . Consider the distinguished triangle
$R\Gamma_{1^{X}}](\mathcal{O}_{X\cross \mathrm{x}})arrow \mathcal{O}_{X\mathrm{x}X}arrow R\mathrm{r}_{1^{X\mathrm{x}X\backslash }}x](\mathcal{O}X\cross X)+arrow$,
and then consider (a part of) the associated long exact sequence
$0 arrow \mathcal{O}_{X\cross X}arrow \mathcal{O}_{X\cross X}[\frac{1}{x-x’}]arrow H_{[X]}^{1}(\mathcal{O}_{X\mathrm{X}\mathrm{x})}arrow 0$,
where $x$ (resp. $x’$ ) is $\mathrm{t}1_{1}\mathrm{e}$ coordinate function of the first (resp. second) factor of
$X\cross X$ . Let $\delta(x-x’)\in H_{[X]}^{1}(\mathcal{O}\mathrm{x}\mathrm{X}\mathrm{x})$ be the image of $1/(x-x’)$ . Note that any
local section of $\mathcal{O}_{X\mathrm{x}x1\frac{1}{x-x}},$ ] can be uniquely $\mathrm{e}\mathrm{x}\mathrm{p}\mathrm{r}\wedge \mathrm{e}\mathrm{S}\mathrm{s}\mathrm{e}\mathrm{d}$ in a neighbourhood of a
point of the diagonal as
$\{\mathrm{I})(x, x^{l})+p(X, \partial_{x})\frac{1}{x-x^{l}}$
with $(\mathrm{I})\in \mathcal{O}_{X\cross X}$ and with a regular differential operator $P(X, \partial)$ in the usual sense.
(An easy exercise.) Hence we get an isomorphism
$arrow D_{X}\underline{\simeq}$ , $\Gamma(x, \partial_{x})\vdasharrow\Gamma(X, \partial_{x})\delta(x-X’)dX’$
If the base field is $\mathrm{C}$ , the action of $D_{X}$ on $\mathcal{O}_{X}$ can be described as follows: For
any $\varphi\in \mathcal{O}_{X}$ , we have
$P(x, \partial_{x})\varphi(x)=P(x, \partial_{x})(\frac{1}{2\pi\dot{i}}\int_{C_{x}},\frac{\varphi(_{X’})}{x-x}dx’)$
$= \frac{-1}{2\pi i}\int_{C_{x}}(\Phi(x, X’)+P(x, \partial_{x})\frac{1}{x-x},)\varphi(x^{f})dx’$ ,
where $C_{x}$ is a small circle turning around $x$ in the positive direction. Note that
according to this definition, it is natural to define
$\int\delta(x)dx:=\frac{-1}{2\pi\dot{i}}\int_{|x|=\epsilon}\frac{dx}{x}=-1$ .
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The product structure of $D_{X}$ can be described in a similar way.
4.1.3. The above definition of $D_{X}$ gives the following expression for $D_{Yarrow X}$ . For a
morphism $f$ : $\mathrm{Y}arrow X$ of smooth varieties, we get
$D_{Yarrow \mathrm{x}:=\mathcal{O}}Y\otimes_{f^{-}}1\mathrm{o}_{\mathrm{x}}ef^{-1-}D_{x}=\alpha\{1R\mathrm{r}1Y1(\mathcal{O}Y\mathrm{x}\mathrm{x})[\dim x]\otimes_{\mathrm{Z}_{\iota}\cdot \text{ }\mathit{0}}d\mathrm{x}(\mathrm{Z}_{Y}\mathrm{H}\omega \mathrm{x})\}$,
where the morphism ( $f^{-1}\mathcal{O}_{\mathrm{x})_{y}}=\mathit{0}_{\mathrm{x}.f(y)}arrow \mathcal{O}_{Y.y}$ is given by $\varphi(x)\mapsto\varphi(f(y))$ , and
$\mathrm{Y}$ is regarded as a subvariety of $\mathrm{Y}\cross X$ by $\alpha$ : $y\mapsto(y, f(v))$ .
4.2. Non-characteristic restriction.
4.2.0. Notation. For a smooth varieties $\mathrm{Y}\subset x,$ $\tau_{Y}^{*}x(\subset T^{*}X)$ be the conormal
bundle, $P^{*}X$ and $P_{Y}^{*}X$ the projective bundles corresponding to $T^{*}X$ and $T_{Y}^{*}X$ .
For a subset $C$ of $T^{*}X$ , put $C_{x}:=C\mathrm{n}\tau_{x}^{*}x$ and $C|_{Y}=\Pi_{y\in Y}C_{y}$ . For a subset of
$\Gamma^{*}X$ , we use the similar notation. Let
$T^{*}X|Yarrow T^{*}\mathrm{Y}\rho$, $(P^{*}X-PY*X)|_{Y}arrow\Gamma^{*}\mathrm{Y}\overline{\rho}$, and $T^{*}X-\tau_{\mathrm{x}}^{*}x\gammaarrow\Gamma^{*}X$
be $\mathrm{t}1_{1}\mathrm{e}$ natural morphisms. For $0\neq\xi\in T_{x}^{*}X$ (resp. $C’\subset T_{x}^{*}X$ , resp. $C\subset T^{*}X$),
put $\tilde{\xi}:=\gamma(\xi)$ (resp. $\tilde{C}’$ $:–\gamma(C’-\{0\})$ , resp. $\tilde{C}:=\gamma(c-\tau*x\mathrm{x})$).
4.2.1. Lemma. Let A be a conic closed subvariety of $T^{*}X$ . Consider the followin.$q$
conditions. (The morphi,$sms\rho_{\Lambda}f\rho_{\Lambda}^{0}$ and $\tilde{\rho}_{\Lambda}^{0}$ are those induced by $\rho$ and $\tilde{\rho}.$)
(i) A $\cap T_{Y}^{*}x\subset T_{\mathrm{x}^{X}}*|Y$ .
(ii) $\tilde{\Lambda}\cap P_{Y}^{*}X=\emptyset$ .
(iii$f$ ) $\rho_{\Lambda}$ : $\Lambda|_{Y}arrow T^{*}\mathrm{Y}$ is a finite morphism.
(iv$f$ ) $\rho_{\Lambda}^{0}$ : $\Lambda|_{Y}-T_{Y}^{*}Xarrow T^{*}\mathrm{Y}-\tau_{Y}^{*}\mathrm{Y}$ is a fini.$te$ morphism.
$(\mathrm{v}_{f})\tilde{\rho}_{\Lambda}^{0}$ : $\tilde{\Lambda}|_{Y}-\Gamma_{Y}^{*x}arrow P^{*}\mathrm{Y}$ is a finite morphism.
Let $(\# p)$ be the condition obtained from $(\# f)$ by $replac\dot{i}n.q/f_{tn\dot{i}t}’ e$ with.proper
($\#=\dot{i}i.\dot{i},\dot{i}v.\cdot$ or $v$). Then we have the implications
$(\mathrm{i})\Leftrightarrow(\mathrm{i}\mathrm{i})\Leftrightarrow(\mathrm{i}\mathrm{i}\mathrm{i}_{f})\Leftrightarrow(\mathrm{i}\mathrm{i}\mathrm{i}_{p})$
$\Rightarrow(\mathrm{i}\mathrm{v}_{f})\Leftrightarrow(\mathrm{i}\mathrm{v}_{p})\Leftrightarrow(\mathrm{v}_{f})\Leftrightarrow(\mathrm{v}_{p})$ .
Moreover: $\dot{i}f$ every irreducible component of $\Lambda|_{Y}$ contained in $T_{Y}^{*}X$ is also contained
in $T_{X}^{*}X$ , then all the above condi.tions are equi.valent.







is a cartesian square, since $\gamma$ is faithfully flat, and since $\rho_{\Lambda}^{0}$ is an affine morphism,
$\tilde{\rho}_{\Lambda}^{0}$ is also an affiine morphism. Hence we get the implications (iv$f$ ) $\Leftrightarrow(\mathrm{i}\mathrm{v}_{p})\Leftrightarrow$
$(\mathrm{v}_{p})\Leftrightarrow(\mathrm{v}_{f})$ . Similarly, we get (iii$f$ ) $\Leftrightarrow(\mathrm{i}\mathrm{i}\mathrm{i}_{p})$ .
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Let us deduce (i) assuming (iii$f$ ). Since for each $y\in T_{Y}^{*}\mathrm{Y}(=\mathrm{Y}),$ $\rho_{\Lambda}^{-1}(y)=$
$(T_{Y}^{*}X\cap\Lambda)_{y}$ is a closed conic subvariety of $T_{y}^{*}X$ , the finiteness of $\rho_{\Lambda}$ implies that
{ $T_{\mathrm{Y}}^{*}X\cap\Lambda)_{y}=\{0\}$ for all $y\in \mathrm{Y}$ , i.e., (i). :
Let us deduce (iii$f$ ) assuming (i). It suffices to show that for each irreducible
affiine open subset $\phi\neq \mathrm{Y}_{0}\subset \mathrm{Y}$ and for each irreducible component $Z$ of $\Lambda|_{Y_{0}}$ , the
morphism $\rho_{\Lambda}|z:Zarrow T^{*}\mathrm{Y}_{0}$ is finite. In other words, it suffiices to show that each
$.\varphi\in\Gamma(Z, \mathcal{O}_{Z})$ satisfies an equation of the form
(1) $\varphi^{n}+(\rho^{*}a_{1})\varphi^{n-1}+\cdots+(\rho a_{n}*)=0$
with some regular functions $a_{i}$ on $T^{*}\mathrm{Y}_{0}$ . Since $Z$ is conic, we may assume from
the beginning that $\varphi$ is homogeneous of degree $d\geq 0$ with respect to the natural
$\mathrm{G}_{m}$ -action on the fibres of $Zarrow \mathrm{Y}_{0}$ . @ince we have already proved the implication
$(\mathrm{i})\Rightarrow(\mathrm{i}\mathrm{v}_{f}),$ $\varphi|z-\tau^{*.x}\}$ sat,isfies an equation of the form (1) with some regular func-
tions $a_{i}$ on $T^{*}\mathrm{Y}_{00}-\tau_{Y_{0}}*\mathrm{Y}$ . Considering the $\mathrm{G}_{m}$-action, we may assume that $a_{i}$ is
homogeneous of degree $d\dot{i}$ . Since $d\dot{i}\geq 0$ , every $a_{i}$ is regular on $T^{*}\mathrm{Y}_{0}$ . Hence, if
(2) $z\not\subset\tau_{Y}^{*}x$,
then $\varphi$ satisfies $\mathrm{t}\mathrm{h}\dot{\mathrm{e}}$ same, equation satisfied by $\varphi|_{Z-T_{1}}*.\mathrm{x}$ , and hence $Zarrow \mathrm{Y}_{0}$ is
finite. If (2) is not satisfied, then $Z\subset T_{Y}^{*}X\cap\Lambda$ , and hence from (i) follows
(3) $Z\subset\tau_{X}^{*}X$ .
Hence $Zarrow \mathrm{Y}_{0}$ is finite, being the composition of
$Z\underline{\mathrm{i}\mathrm{u}\mathrm{c}\mathrm{l}\mathrm{u}\mathrm{s}\mathrm{i}\mathrm{o}\mathrm{u}}T_{\mathrm{x}}^{*}x|Y0arrow T_{Y_{0}}^{*}Y_{0}\underline{\simeq}\rho\underline{\mathrm{i}\mathrm{n}\mathrm{c}\mathrm{l}\mathrm{u}\mathrm{s}\mathrm{i}\mathrm{o}\mathrm{u}}T*\mathrm{Y}_{0}$ .
Now the last assertion is obvious from the above argument,. $\square$
4.2.2. Remark. The above conditions are not necessarily equivalent to each other
in general. For example, consider the case where $\Lambda=T_{Y}^{*},X$ with some snlooth $\mathrm{Y}’$
such that $\mathrm{Y}\subset \mathrm{Y}’\subset X$ .
4.2.3. Definition. (1) For a conic closed subvariety A of $T^{*}X$ , we say that a
subvariety $\mathrm{Y}$ of $X$ is non-characteristi. $c$ for A if the equivalent conditions (i), (ii),
$(\mathrm{i}\mathrm{i}\mathrm{i}_{p})$ , and $(\mathrm{i}\mathrm{i}\mathrm{i}_{p})$ of (4.2.1) are satisfied.
(2) For a coherent $D_{X}$ -module $\mathcal{M}$ , we say that $\mathrm{Y}$ is non-characteristic for $\mathcal{M}$ if $Y$
is so for the characteristic variety $\mathrm{S}\mathrm{S}(\mathcal{M})$ of $\mathcal{M}$ .
4.2.4. Lemma. Let $X$ be a smooth vari,$ety$ with global coordinate system $(x_{1}, \cdots , x_{n})$
($\dot{i}.e.$ , an \’etale morphism $Xarrow \mathrm{A}^{n}$), and $\mathrm{Y}$ the subvariety defined by $x_{1}=0$ . Let
$P=P(x, \partial)=\partial_{1}^{m}+P_{1}(x, \partial’)\partial^{m-1}1+\cdots+P_{m}(x, \partial^{J})$ be an (algebraic) di.fferential
operator of order $m$ , where $\partial’$ means $(\partial_{2}, \cdots , \partial_{n})$ . Put $\mathcal{M}=D_{X}/D_{X}P$ . Let $u\in\lambda 4$
be the section of $\mathcal{M}$ correspondin.q to $1\in D_{X}$ . Then
(1) $D_{Yarrow X}\otimes_{D_{X}}^{L}\mathcal{M}=D_{Yarrow X}\otimes_{D_{\mathrm{X}}}.\mathcal{M}=:\mathcal{M}|Y$ , and
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(2) $\mathcal{M}|_{Y}$ is a free $D_{Y}$ -module with basis $\{1_{Yarrow X}\otimes\partial_{1}^{i}u|0\leq\dot{i}<m\}$
Proof. (1) Since $D_{Yarrow X}=D_{X}/x_{1}D_{X}$ , it is enough to prove that $\mathcal{M}arrow x_{1\cross}$ A4
is injective. Assume that $x_{1}Q(x, \partial)u=0$ . Note that $Q(x, \partial)$ can be uniquely
expressed as
$Q(x, \partial)=G(x, \partial)P(_{X}, \partial)+j\sum_{=0}^{m-1}s_{j}(_{X}, \partial’)f\dot{fl}_{1}$ .
(An easy exercise.) Since $x_{1}Q\equiv 0$ mod $D_{X}P$ we have $S_{j}=0$ by the uniqueness
of the above expression, which implies $Qu=0$ . Thus we get the injectivity.
(2) Since
$D_{Yarrow \mathrm{x}\otimes}D,\mathrm{Y}\mathrm{A}4=\mathcal{M}/x_{1}\mathcal{M}=D_{X}/(x_{1}D_{X}+DXp)$,
this assertion is an easy exercise. $\square$
4.2.5. Lemma. Let $\varphi$ : $\mathrm{Y}arrow X$ be an inclusion mapping of smooth $var\cdot ieties$ .
Assume that $\varphi$ is non-characteristic for a coherent $D_{X}$ -module $\mathcal{M}$ . Then
(1) $D_{Yarrow x}\otimes_{D_{X}}^{L}\mathcal{M}=D_{Yarrow x}\otimes_{D_{d\mathrm{X}}}\mathcal{M}=:\varphi^{*}\lambda 4$ , and
(2) $\varphi^{*}\mathcal{M}$ is a coherent $D_{Y}$ -module.
Proof.
(I) Let $\mathrm{Y}\subset Z\subset X$ be smooth varieties. Since $D_{Zarrow X}$ is a locally free left
$D_{Z}$-module [Bo, VI, 7.3, (7)], we get
$D_{Yarrow x}=D_{Yarrow Z^{\otimes D=D_{YZ^{\otimes_{D}D}}}}D_{zarrow x}Zarrow Lz\prime Zarrow X$ .
Hence we can reduce $\mathrm{t}1_{1}\mathrm{e}$ proof to the case where $\dim X-\dim \mathrm{Y}=1$ . Since
the problem is local, we $\mathrm{n}\mathrm{l}‘ \mathrm{a}.\mathrm{y}$ assume that $X$ is an affine variety, $X$ has a global
coordinate system $(x_{1}, \cdots , x_{n})$ and $\mathrm{Y}$ is defined by $x_{1}=0$ .
(II) For any $v\in\Gamma(X, \mathcal{M})$ , SS $(D_{X}v)\subset \mathrm{S}\mathrm{S}(\Lambda\Lambda)=\Lambda$ . Since
$T_{Y}^{*}X=$ $\{(0, X_{:}^{J}\xi_{1}, \mathrm{o}, \cdots , 0)\}$ and
$T_{X}^{*x|_{Y}}=$ $\{(0, X_{!}’0, \mathrm{o}, \cdots , 0)\}$ , where $x’=(x_{2}, \cdots , x_{\tau t})$ ,
there exists $P\in\Gamma(X, D_{X})$ such that
(3) $\tau_{v=}\mathrm{o}$ , $\mathrm{o}\mathrm{r}\mathrm{d}(P)=m$ , and $\sigma(\Gamma)(0, X_{:}’\xi_{1}, \mathrm{o}, \cdots , 0)=\xi_{1}m$ ,
where $\sigma(P)(X, \xi)$ denotes the principal symbol of $\Gamma$ . Since $P$ is of order $m,$ $\Gamma$ can
be expressed as
$P(_{X}, \partial)=a(X)\partial^{m}1+P_{1}(x, \partial’)\partial_{1}^{m-}1+\cdots+p(mX, \partial’)$
with $\mathrm{o}\mathrm{r}\mathrm{d}(p_{j})\leq j$ . Since
$\xi_{1}^{m}=\sigma(^{p)}(0, x_{\backslash }^{;}..\epsilon 1,0)=a(\mathrm{o}, x/)\xi^{m}1$
’
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we get $a(\mathrm{O}, X’)=1$ . In particular, $a(x)$ is invertible in a neighbourhood of Y. Hence
we may assume that
$P(x, \partial)=\partial m+P_{1}(1)x,$$\partial’\partial_{1}^{m}-1++\cdots pm(x, \partial’)$
replacing $X$ by a small neighbourhood of $\mathrm{Y}$ , and $P$ by $a(x)^{-1}P$ . Then applying
(4.2.4) to $D_{X}/D_{X}P$ , we can see that (1) and (2) are true for $D_{X}/D_{X}P$ .
(III) Let us prove (1). Let $\{(v_{1}, \cdots , v_{l})\}$ be a generator system of the $\Gamma(X, D_{\mathrm{x}})-$
module $\Gamma(X, \mathcal{M})$ . From each $v_{j}$ , construct $P_{j}$ which satisfies (3), and put $\mathcal{L}_{j}$ $:=$
$D_{X}/D_{X}\Gamma_{j}$ . (Here and below, we freely shrink $X$ if necessary.) Let
$\mathcal{L}:=\mathcal{L}_{1}\oplus\cdots\oplus \mathcal{L}_{\iota}arrow \mathcal{M}$
be the natural sur,jection, and $N$ be its kernel. Consider the exact sequence
$\varphi^{*}Narrow\varphi^{*}\mathcal{L}arrow\varphi^{*}\mathrm{A}tarrow 0$ .
Since the $D_{Y}$ -module $\varphi^{*}\mathcal{L}$ is finitely generated, $\varphi^{*}\mathcal{M}$ is also so and hence coherent.
(Here we used the fact that $\Gamma(\mathrm{Y}, D_{Y})$ for affine $\mathrm{Y}$ is left noetherian. Alternatively,
we can also prove in the following way without using this fact: Since $\varphi^{*}\mathcal{M}$ is finitely
generated, since $\mathcal{M}$ is an arbitrary $D_{X}$-module satisfying a certain assumption, and
sine $N$ satisfies the same assumption, we can conclude that $\varphi^{*}N$ is also a finitely
generated $D_{Y}$-module. Since $\varphi^{*}\mathcal{L}$ is already known to be coherent, we can conclude
that $\varphi^{*}\mathrm{A}\mathrm{t}$ is coherent.)
(IV) Next, let us prove (2). Since $D_{Yarrow X}=D_{X}/x_{1}D_{X}$ , it suffices to show that
$\mathcal{M}arrow \mathcal{M}x_{1\cross}$ is injective. Assume that $v\in \mathcal{M}$ and $x_{1}v=0$ . As we have seen in (II),




we get the desired result. $\square$
4.2.6. Lemnla. Let $Z\subset Y\subset X$ be a triple of smooth al.qebraic varieties over C.
Then there exists a canoni.$cal$ homomorphism
$C_{Y|X}arrow C_{Z|X}[\mathrm{c}\mathrm{o}\dim_{Y}Z]$ .
Here $C_{Y|X}:=R\Gamma_{[Y]}(\mathcal{O}x)[\mathrm{c}0\mathrm{d}\mathrm{i}\mathrm{m}\mathrm{x}\mathrm{Y}]$ . (See [Bo, p.260] for $\mathrm{r}_{[Y1}.$)
Proof. We have a morphism
$R\Gamma_{Y}(\mathrm{c}_{X})[2_{\mathrm{C}}\mathrm{o}\mathrm{d}\mathrm{i}\mathrm{m}\mathrm{x}\mathrm{Y}]$ $R\Gamma_{Z}(\mathrm{C}_{X})12_{\mathrm{C}}\mathrm{o}\dim_{X}Z]$
$||$ $||$
$\mathrm{C}_{Y}$ $rightarrow$ $\mathrm{C}_{Z}$ .
(If $\mathrm{C}_{X}$ etc. are understood as the orientation sheaves, then the vertical equalities
become canonical. So if we choose tlle orientation of complex manifolds, e.g., so
tllat $\bigwedge_{j}\frac{1}{2i}(dZ_{j}\wedge d\overline{z_{j}})>0$ , then the above morphism is determined uniquely.) Let
$R\Gamma_{1^{Y}1}(\mathcal{O}_{X}1^{\mathrm{d}\mathrm{i}}\mathrm{m}X1)1^{2}\mathrm{c}\mathrm{o}\dim_{\mathrm{x}}\mathrm{Y}]arrow R\Gamma_{[Z]}(\mathcal{O}_{X}[\dim X])[2$ codimx $Z1$
be the corresponding morphism (via $\mathrm{D}\mathrm{R}$). Shifting it, we get the desired mor-
phism. $\square$
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4.2.7. Lemma. Let $\varphi$ : $Yarrow \mathrm{X}$ be the inclusion mapping of smooth varieties. Let
$\mathcal{M}$ be a coherent left $D_{X}$ -module for which $\mathrm{Y}$ is non-characteristic. Then we have
a canonical isomorphism
$L\varphi^{*}\mathrm{D}_{X}(\mathcal{M})arrow \mathrm{D}_{Y(^{L}\mathcal{M})}\underline{\simeq}\varphi*$
of left $D_{Y}$ -modules. Here
$\mathrm{D}_{X}(\dot{\mathcal{M}})$
$:=R\underline{\mathrm{H}\mathrm{o}\mathrm{m}}_{D_{X}}(\mathcal{M}, D_{X})[\dim x]\otimes_{\mathcal{O}_{X}}\omega_{X}^{\otimes-1}$ .
(The left $D_{X}$ -modules structure of $D_{X}$ is used to define RHom. and the $r\dot{i}.qht$ DX-
module structure of $D_{X}i,s$ used to define the left $D_{X}$ -module structure of $\mathrm{D}_{X}(\mathcal{M})$ .
The sheaf of $d_{\dot{i}fln}eretial$ form of highest de.qree is denoted by $\omega_{X}.$)
Proof. As right $\mathrm{Z}_{Y}\mathbb{H}D_{X}$ -modules, we have
$(B_{Y|Y\mathrm{x}x}\otimes 0_{\iota\cross}.X\omega Y\mathrm{X}x)\otimes_{D_{1}}$ . $\varphi^{*}\mathrm{A}t$ , (cf. (4.2.6) for $e_{Y|Y\mathrm{X}X}$ )
$(:=(eY|Y\mathrm{X}X\otimes \mathrm{o}\mathrm{k}\cdot \mathrm{x}x\omega_{Y\cross}x)\otimes_{D\cdot \text{ }\mathrm{z}_{X}}\}(\varphi^{*}\mathcal{M}\otimes \mathrm{z}_{\mathrm{x}}))$
$=(\beta Y|Y\mathrm{X}x\otimes 0\iota\cdot\cross x\omega Y\cross \mathrm{x})\otimes D_{\mathrm{t}}\cdot \text{ }Dx(\varphi^{*}\Lambda t\otimes D_{X})$
$=(B_{Y}Y\cross x\otimes_{\mathcal{O}}|\}.\cross xY\mathrm{x}x)\omega\otimes_{D_{1}\cdot \text{ }D}X((D_{Yarrow \mathrm{x}\otimes_{D_{X}}}\mathcal{M})\otimes(D_{\mathrm{x}arrow X^{\otimes}D}XD_{X}))$
$=(e_{Y|Y\mathrm{X}x}\otimes \mathcal{O}_{\mathrm{p}\cdot xY}\cross \mathrm{X}X)\omega\otimes_{D_{1X}}.\cross D_{Y\cross Xarrow}X\cross \mathrm{x}\otimes Dx\cross X(\mathcal{M}\underline{\text{ }}D_{X})$
$=(\mathcal{B}_{Y|x\cross X}\otimes 0_{X\cross X}\omega x\cross \mathrm{x})\otimes_{D_{X\mathrm{x}X}}(\mathcal{M}\underline{\square }D_{X})$ , by [Ka, Lemma (4.8)]
$=(\mathcal{B}_{Y|\mathrm{x}}\mathrm{x}\cross\otimes_{\mathcal{O}xx}\cross\omega X\mathrm{X}x)\otimes_{D_{X}}$ zX $(\mathcal{M}\mathbb{H}\mathrm{z}_{X})$
where $\mathcal{M}\underline{\ovalbox{\tt\small REJECT}}D_{\mathrm{x}=}:D_{X\mathrm{x}X}\otimes_{D_{X}}$ DX $(\mathcal{M}\mathrm{H}D_{X})$ . (Here and below, we often write $\mathcal{M}$
etc. for $\varphi^{-1}\mathcal{M}$ etc. in order to $\mathrm{s}\mathrm{i}\mathrm{m}_{\mathrm{P}^{\mathrm{l}\mathrm{i}}\mathrm{f}Y}$ notation, but we are exclusively interested
in a neighbourhood of $\mathrm{Y}(\subset X).)$ Hence as left $\mathrm{Z}_{Y}\mathbb{H}D_{X}$-modules, we have
( $B_{Y|\text{ }\mathrm{Z}}Y\cross x\otimes_{\mathcal{O}_{\}}}.X(\omega_{Y}\otimes \mathrm{Z}_{\mathrm{x}))\otimes_{D\}}}$. zX $(\varphi^{*}\lambda \mathrm{t}\square \mathrm{Z}_{\mathrm{x}})$(1)
$=$ ( $B_{Y|X\cross X}\otimes_{\mathcal{O}}X$ zX $(\omega_{X}\mathrm{H}\mathrm{Z}_{\mathrm{x}})$ ) $\otimes_{D_{x}}$ zX $(\mathcal{M}\mathbb{H}\mathrm{z}_{X})$ .
Applying (4.2.6) to $Y\subset X\subset X\cross X$ , we get
(2) $Dx=\beta_{X}|X\cross \mathrm{x}\otimes \mathrm{o}x$ zX ($\omega_{X}\mathbb{H}\mathrm{Z}_{\mathrm{x})}arrow \mathcal{B}_{Y|\mathrm{x}\cross}X\otimes 0_{X}$ zX $(\omega_{X}\mathrm{H}\mathrm{Z}x)[\mathrm{C}\mathrm{o}\dim_{X}\mathrm{Y}1\cdot$
Hence we get
$\mathcal{M}=D_{X}\otimes_{D_{X}}\mathcal{M}=$ ( $B_{X|X\cross}x\otimes 0_{X}$ zX $(\omega_{X}\mathbb{H}\mathrm{Z}x)$ ) $\otimes D_{x}$ zX $(\Lambda 4\mathrm{H}\mathrm{z}_{x})$
$arrow$ ( $B_{Y|\mathrm{x}}\mathrm{x}X\otimes_{\mathcal{O}_{-\llcorner}},$, zX $(\omega_{X}\mathrm{H}\mathrm{Z}_{X})$ ) $\otimes_{D_{X}}$ ZX $(\mathcal{M}\mathbb{H}\mathrm{z}_{X})[\mathrm{c}\mathrm{o}\dim x^{\mathrm{Y}}]$ by (2)
$=(B_{Y|Y\cross X}\otimes 0_{1}\cdot \text{ }\mathrm{z}_{\mathrm{x}}(\omega_{Y}\otimes \mathrm{z}_{X}))\otimes_{D_{\mathrm{k}}\cdot \text{ }\mathrm{Z}_{X}}(\varphi^{*}\mathcal{M}\otimes \mathrm{Z}_{x})[\mathrm{c}\mathrm{o}\dim X\mathrm{Y}]$ by (1)
$=D_{Xarrow Y}\otimes_{D_{1}}$ . $\varphi^{*}\lambda 4[\mathrm{c}\mathrm{o}\dim x\mathrm{Y}]$ by (4.1.3).
By using this homomorphism, we obtain
$R\mathrm{H}\mathrm{o}\mathrm{m}_{D_{\mathrm{L}}}$. $(\varphi^{*}\mathcal{M}, D_{Y})1^{-}\mathrm{C}\mathrm{o}\dim_{X}\mathrm{Y}]$
$arrow R\mathrm{H}\mathrm{o}\mathrm{m}_{D_{X}}(D_{Xarrow Y}\otimes_{D_{1}}. \varphi^{*}\mathrm{A}t)[\mathrm{c}\mathrm{o}\dim x\mathrm{Y}],$ $D\mathrm{x}arrow Y\otimes_{D_{Y}}D_{Y})$
$arrow R\mathrm{H}_{\mathrm{o}\mathrm{m}_{D}}(x\Lambda t, DXarrow Y)$
$arrow R\mathrm{H}\mathrm{o}\mathrm{m}_{D}(XD_{X}\mathcal{M},)\underline{\simeq}\otimes^{L}D_{X}D_{Xarrow Y}$ .
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Hence we get the desired morphism. (The last morphism is the natural one. To see
that it is an isomorphism, consider a locally $D_{X}$-free resolution of $D_{Xarrow \mathrm{Y}}.$ ) $\square$
4.3. Non-characteristic pull-back (general case).
4.3.0. Notation. For a morphism $\varphi:\mathrm{Y}arrow X$ of smooth varieties, let
$\rho$ : $\mathrm{Y}\cross_{X}\tau^{*}xarrow T^{*}\mathrm{Y}$ be the natural morphism. Put $T_{Y}^{*}X:=\rho^{-1}(T_{Y}^{*}\mathrm{Y})$ . Define
$P_{Y}^{*}X$ as in (4.2.0). Let $\tilde{\rho}:(\mathrm{Y}\cross xP^{*}X)-p*xYarrow P^{*}\mathrm{Y}$ be the natural morphism.
4.3.1. Lemma. Let A be a conic closed subvariety $ofT^{*}x$ . Consider the followin.$q$
conditions.
(i) $T_{Y}^{*}X\cap(\mathrm{Y}\cross_{X}\Lambda)\subset \mathrm{Y}\cross x^{T_{X}X}*$ .
(ii) $P_{Y}^{*}X\cap(\mathrm{Y}\mathrm{X}\mathrm{x}\tilde{\Lambda})=\emptyset$ .
(iii$f$ ) $\rho_{\Lambda}$ : $\mathrm{Y}\cross_{X}\Lambdaarrow T^{*}\mathrm{Y}$ is a finite morphism.
(iv$f$ ) $\rho_{\Lambda}^{0}$ : $(\mathrm{Y}\cross \mathrm{x}\Lambda)-\tau*xYarrow T^{*}\mathrm{Y}-\tau_{Y}^{*}Y$ is a finite morphism.
$(\mathrm{v}_{f})\tilde{\rho}_{\Lambda}^{0}$ : $(\mathrm{Y}\cross_{X}\tilde{\Lambda})-P_{Y}^{*}xarrow P^{*}\mathrm{Y}$ is a finite morphism.
(vi) $\{(y, \varphi(y))|y\in \mathrm{Y}\}$ is non-characteristic for $T_{Y}^{*}Y\cross$ A $(\subset T^{*}(X\cross \mathrm{Y}))$ .
Let $(\# p)$ be the conditions obtained as in $(\mathit{4}\cdot \mathit{2}.\mathit{1})$ . (For the notations, see $(\mathit{4}\cdot \mathit{2}.\mathit{1}).$)
Then we have the implications
$(\mathrm{i})\Leftrightarrow(\ddot{\mathrm{n}})\Leftrightarrow(\mathrm{i}\mathrm{i}\mathrm{i}_{f})\Leftrightarrow(\mathrm{i}\mathrm{i}\mathrm{i}_{p})\Leftrightarrow(\mathrm{v}\mathrm{i})$
$\Rightarrow(\mathrm{i}\mathrm{v}_{f})\Leftrightarrow(\mathrm{i}\mathrm{v}_{p})\Leftrightarrow(\mathrm{v}_{f})\Leftrightarrow(\mathrm{v}_{p})$ .
Proof. The equivalence $(\mathrm{i})\Leftrightarrow(\mathrm{v}\mathrm{i})$ is obvious. If $\mathrm{Y}$ is identified with $\{(y, \varphi(y))|$
$y\in \mathrm{Y}\}(\subset \mathrm{Y}\cross X)$ , then we have $\mathrm{Y}\mathrm{X}_{Y\cross X}(T_{Y}^{*}\mathrm{Y}\cross\Lambda)=\mathrm{Y}\cross \mathrm{x}$ A. Therefore, the
remaining implications immediately follow from (4.2.1). $\square$
4.3.2. Definition. (1) For a conic closed subvariety A of $T^{*}X$ , we say that
$\varphi$ : $\mathrm{Y}arrow X$ is non-characteristic for A if the equivalent conditions (i), (ii), (iii$f$ ),
$(\mathrm{i}\mathrm{i}\mathrm{i}_{p})$ and (vi) of (4.3.1) are satisfied. (2) For a coherent $D_{X}$-module $\mathcal{M}$ , we say
that $\varphi$ : $\mathrm{Y}arrow X$ is non-characteristic for $\mathcal{M}$ if $\varphi$ is so for $\mathrm{S}\mathrm{S}(\mathcal{M})$ .
4.3.3. Theorem. If a morphism $\varphi$ : $\mathrm{Y}arrow X$ of smooth varieties is non-characteri.stic
for a coherent $D_{X}$ -module $\Lambda\Lambda$ , then
(1) $D_{Yarrow X}\otimes_{D_{X}}L\mathcal{M}=DYarrow \mathrm{x}\otimes D_{X}\Lambda \mathrm{t}=:\varphi^{*}\mathcal{M}j$
(2) $\varphi^{*}\mathcal{M}$ is a coherent $D_{Y}$ -module, and
(3) there is a canonical i.somorphism $L\varphi^{*}\mathrm{D}_{X}(\mathrm{A}t)arrow\underline{\simeq}$ Dy $(^{L}\varphi^{*}\lambda’\{)$ .
Proof. Let $\mathrm{Y}arrow \mathrm{Y}\alpha\cross Xarrow X\beta$ be the natural morpllisnus. Then (1), (2) and (3) are
obvious for $\beta$ . They are also true for $\alpha$ by (4.2.5) and (4.2.7). Since
$D_{Zarrow Y^{\otimes^{L}}}\varphi-1D\}$ . $\varphi^{-1}D_{Yarrow \mathrm{x}}=D_{Z}arrow x$
for any morphism $Zarrow Y$ of smooth varieties [Ka, Lemma (4.7)], we get the re-
sult. $\square$
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5. ON D-MODULES ASSOCIATED TO A COMPLEX POWER OF A FUNCTION
5.0. Convention and Notation. We denote by Z the rational integer ring, and
$1_{)}\mathrm{y}$ C the complex number field.
As for $D$-modules, we shall work in the algebraic category unless otherwise
$,\backslash ’ \mathrm{t}_{1\mathrm{a}}\mathrm{t}\mathrm{e}(1$ . For a holononic $D_{X}$-module $\mathcal{M}$ , define the de Rham functor $\mathrm{D}\mathrm{R}(-)$ so
$\mathrm{t}_{1}11\mathrm{a}\mathrm{t}\mathrm{D}\mathrm{R}(\mathcal{O}X)=\mathrm{C}_{X}$ , where $\mathcal{O}_{X}$ is the structure sheaf. For a morphism F:X $arrow \mathrm{Y}$
[ $)\mathrm{c}\mathrm{t}_{\mathrm{W}}\mathrm{e}\mathrm{e}\mathrm{n}$ varieties, and for an $\mathcal{O}_{Y}$-module $\mathcal{M},$ $F^{*}$ denotes the usual $\mathcal{O}$-module pull-
$|_{)_{\dot{\zeta}}\mathrm{t}\mathrm{C}}\mathrm{k};F^{*}\mathcal{M}=\mathcal{O}_{X}\otimes_{F^{-1}}\mathrm{O}_{1}\cdot F^{-1}\mathcal{M}$. If it is necessary to clarify that it denotes the
$\mathcal{O}_{-\uparrow n}odule$ Pull-back, we write $o_{F^{*}}$ for $p*$ . For a regular holonomic $D_{Y}$-module $\mathcal{M}$ ,
we define two kinds of pulI-backs $DF^{*}$ and $Dp!$ so that
$\mathrm{D}\mathrm{R}_{X}(^{D}F^{*}\mathcal{M})\mathrm{l}\dim X]=F^{*}\mathrm{D}\mathrm{R}_{Y}(\mathcal{M})[\dim \mathrm{Y}]$ , and
$\mathrm{D}\mathrm{R}_{X}(^{D}F^{!_{\mathcal{M})}}[\dim x]=F^{!}\mathrm{D}\mathrm{R}_{Y()}\mathcal{M}[\dim \mathrm{Y}]$ .
$r_{\mathrm{I}^{\urcorner}1_{1(}.\mathrm{n}F^{!}}\backslash D=^{O}LF^{*}$ [$\dim X$ -dinl Y], where $o_{LF^{*}}$ is the left derived functor of $o_{F^{*}}$ .
$1^{\urcorner}circ \mathrm{r}D_{X_{i}}$ -module $\mathcal{M}_{i}(\dot{i}=1,2)$ , put $\mathcal{M}_{1}$ $\mathcal{M}_{2}:=\mathcal{O}_{X_{1}\mathrm{x}\mathrm{x}_{2}}\otimes(pr_{1}^{-1}\mathcal{M}_{1}\otimes \mathrm{c}pr_{2}^{-}\mathcal{M}_{2}1)$ ,
$\mathrm{w}\mathrm{l}\mathrm{l}\mathrm{c}\Gamma \mathrm{e}pr_{i}$ : $X_{1}\cross X_{2}arrow X_{i}(\dot{i}=1,2)$ are the projections, and the tensor product is
((llsidered over $pr_{1}^{-1}\mathcal{O}_{\mathrm{x}_{1}}\otimes \mathrm{c}pr_{2}^{-1}\mathcal{O}_{x_{2}}$.
We shall refer to [Gyl, (a,b,c)] etc. simply as (a,b,c) etc.
The basic references of this section are [Kal], [Ka2] for the $D$-module theory,
(
$|,11\mathrm{c}1$ [Ka3], [Me] for the Rienlann-Hilbert correspondence. We use the latter so
[onstantly that we often use the nlaterial without referring to these literatures.
$\mathrm{T}\mathrm{l}\mathrm{l}\mathrm{C}$ reader is assumed to be familiar with these materials. (Cf. [Ho, Chapter V].)
5.1. Let $X$ be a non-singular irreducible algebraic variety over the complex number
field C. (We always assume an algebraic variety to be separable. For the sake of
$,\backslash ’ \mathrm{i}\ln_{1})1\mathrm{i}\mathrm{C}\mathrm{i}\mathrm{t}\mathrm{y}$, we further assume the quasi-compactness.) Let $\mathcal{O}=\mathcal{O}_{X}$ be the sheaf of
$1^{\cdot}\mathrm{e},\mathrm{g}\mathrm{l}\mathrm{l}\mathrm{l}\mathrm{a}\mathrm{r}$ functions, and $D=D_{X}$ the sheaf of algebraic differential operators. If $X$
$\mathrm{i}_{-\mathrm{i}}^{\zeta}$ an affine variety, we put $\mathrm{C}[X]:=\Gamma(X, \mathcal{O}_{X})$ and $D=D_{X}:=\Gamma(X, D_{X})$ . (More
gcncrally, for a $\mathrm{C}[X]$ -module, say $M$ , we denote the corresponding quasi-coherent
$.\mathrm{s}’ 1_{1\mathrm{C}\mathrm{a}}\mathrm{f}$ on $X$ by the corresponding script letter, and vice versa.) For any C-algebra
A. we put $D_{A}=D_{X,A}:=D_{X}\otimes_{\mathrm{C}}A$ , and $D_{A}=D_{X,A}:=D_{X}\otimes_{\mathrm{C}}A$ . In particular,
whcn $A$ is the polynomial ring $\mathrm{C}[s]$ , we often write $D[s]=D_{X}[S]$ and $D[s]=D_{X}[S]$
for $D_{\mathrm{C}[S]}$ and $D_{\mathrm{C}[S]}$ , respectively.
We need the $\mathrm{C}$-algebra $\mathrm{C}[s, t]$ given in (2.3.5), namely, the $\mathrm{C}$-algebra defined by
$\mathrm{t},11\mathrm{C}$ relation $ts=(s+1)t$ . Put $D[s, t]=D_{X}[s, t]:=D_{X}\otimes \mathrm{c}\mathrm{C}1s,$ $t]$ and $D[s, t]=$
$D_{X}[s, t]:=D\mathrm{x}\otimes \mathrm{C}\mathrm{C}[S,t]$ .
In $(5.2)-(5.8)$ , we shall work with $D$-modules assuming $X$ to be an affine vari-
$\mathrm{e}\uparrow|\mathrm{y}$ . Since the category of $D_{X}$-modules is equivalent to that of $\mathcal{O}_{X}$-quasi-coherent
$D_{X}$ -modules if $X$ is affine, we can understand the results of $(5.2)-(5.8)$ as those
concerning $D_{X}$ -nlodules. Thus we can get the same results even if $X$ is not affine
as far as the assertion is of Iocal nature.
Typeset by $A_{\mathcal{M}}S-\tau \mathrm{r}X$
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5.2. Let $N$ be a $D[s, t]$ -module, and $b(s, N)$ the (monic) minimal polynomial of
$.\mathrm{s}\in \mathrm{E}\mathrm{n}\mathrm{d}_{D}(N/tN)$ . (Possibly $b(s, N)=0$ . We define $b(s,N)$ for a $D[s, t]$ -module $N$
ill the salne way.) Put
$A_{+}(N):=$ { $\alpha\in \mathrm{C}|b(\alpha+j,$ $N)\neq 0$ for $j=0,1,2,$ $\cdots$ }, and
$A_{-}(N):=$ { $\alpha\in \mathrm{C}|b(\alpha-j,$ $N)\neq 0$ for $j=1,2,$ $\cdots$ }.
Put $N(\alpha):=N/(s-\alpha\rangle N$ .
Lemma 5.3. $A_{SS}ume$ that $t$ : $Narrow N$ is injective and $b(\alpha+j, N)\neq 0(0\leq j\leq$
$l-1)$ . Then $t^{l}$ : $Narrow N$ induces an isomorphism $N(\alpha+l)arrow N(\alpha)$ .
Proof. We may assume that $l=1$ . Put $b(s):=b(s, N)$ . Since $b(s)N\subset tN$ , we get
$\mathrm{t},11\mathrm{C}$ natural $D[s]$ -homomorphisms $tNarrow Narrow(tN)[b(s)^{-1}]arrow N[b(s)^{-1}]$ , and the
natural D-homomorphisms
$. \frac{t,N}{(9-\alpha)tN}arrow A\frac{N}{(S-\alpha)N}arrow B\frac{(tN)[b(S)^{-1}]}{(s-\alpha)((tN)[b(S)^{-1}])}arrow c\frac{N[b(s)^{-1}]}{(s-\alpha)(N[b(_{\mathit{8})^{-1}}])}$.
Since $b(\alpha)\neq 0,$ $CB$ and $BA$ are isomorphisms, and consequently, $A,$ $B,$ $C$ are all
$\mathrm{i}.\sigma;\mathrm{O}\mathrm{l}\mathrm{n}\mathrm{o}\mathrm{r}\mathrm{p}\mathrm{h}\mathrm{i}\mathrm{s}\mathrm{m}\mathrm{S}$ . Since $t:Narrow tN$ is assunled to be an isomorphism,
$N( \alpha+1)=\frac{N}{(s-\alpha-1)N}arrow\simeq t\frac{tN}{(s-\alpha)tN}arrow\simeq A\frac{N}{(\mathit{8}-\alpha)N}=N(\alpha)$ .
5.4. Asstlme that $X$ is a connected non-singular affine variety, and $0\neq f\in \mathrm{C}[X]$ .
$1_{\lrcorner}\mathrm{c}\uparrow_{1}N$ be a $D[s, t]- \mathrm{m}\dot{\mathrm{O}}$dule satisfying the following conditions.
(5.4.1) $N$ is a subholonomic $D_{X}$ -module.
(5.4.2) $N\subset N[f^{-1}]$ . (Cf. (2.1.7) for $N[f^{-1}].$)
(5.4.3) If we extend the $D[s, t]$ -module structure of $N$ to $N[f^{-1}]$ by $s(f^{-m}u)$ $:=$
$f^{-m}(su)$ and $t(f^{-m}u):=f^{-m}\cdot(tu)(m\in \mathrm{Z}, u\in N)$, then $t\in \mathrm{A}\mathrm{u}\mathrm{t}(N[f^{-1}])$ and
$N[t^{-1},](:= \bigcup_{m\geq}\mathrm{o}^{t^{-}}m_{N)}=N[f^{-1}]$ .
(5.4.4) $N[f^{-1}]$ is fiat over $\mathrm{C}[s]$ ($\dot{i}.e.,$ $\mathrm{C}[s]$ -torsion free).
Since $t$ : $N[f^{-1}]arrow N[f^{-1}]$ is assumed to be injective (5.4.3), and $N\subset N[f^{-1}]$
(5.4.2), we can see that $N/tN$ is holonomic by (5.4.1). Similarly, using (5.4.4), we
$\mathrm{c}_{\dot{\epsilon}}.\mathrm{u}1$ see that $N(\alpha)=N/(s-\alpha)N$ is holonomic. In particular, $\dim_{\mathrm{C}}\mathrm{E}\mathrm{n}\mathrm{d}D(N/tN)<$
$\mathrm{x})$ . aud $b(s, N)\neq 0$ .
Lemma 5.5. Let $\alpha\in \mathrm{C}$ . If $b(\alpha, N)\neq 0$ , then $(s-\alpha)N+tN--N$ and $(s-\alpha)N\cap$
$t,N=(s-\alpha)tN$ .
Proof. Put $b(s):=b(s, N)$ , and take $c(s),$ $d(S)\in \mathrm{C}[s]$ so that $c(s)b(S)+d(s)(S-\alpha)=$
$1$ . The action of the left hand side on $N/tN$ is the same as the action of $d(s)(s-\alpha)$ .
Hcnce $s-\alpha\in \mathrm{A}\mathrm{u}\mathrm{t}_{D}(N/tN)$ , from which we get the result.
Lemma 5.6. (Cf. (2.8.5).) Assume $(5.4.1)-(5.4.4)$ . Let $[N(\alpha)]$ be the element in
$f,ll,c^{J}$, Grothendieck group of holonomic $D$ -modules. Then $[N(\alpha)]$ depends only on $(\alpha$
lnOd z).
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Lemma 5.7. Assume $(5.4.2)-(5.4.4)$ . If $\alpha\in A_{-}(N)$ , then $N(\alpha)=N(\alpha)[f-1]$ .
$Proof$. Let $m\in \mathrm{z}_{\geq 0}$ . From the diagram
$0arrow$ $N$ $arrow s-\alpha+m$ $N$ $arrow N(\alpha-m)rightarrow 0$
$\simeq\uparrow t^{m}$ $\simeq\uparrow t^{m}$
$t^{-m}N$ .
$arrow s-\alpha t^{-m}N$
$\mathrm{t}_{1\mathrm{o}\mathrm{g}\mathrm{e}}\mathrm{t}\mathrm{h}\mathrm{e}\mathrm{r}$ with (5.3), we get the exact sequence
$s-\alpha$
$0arrow t^{-m}Narrow t^{-m}Narrow N(\alpha)arrow 0$ .
$\mathrm{T}_{\dot{c}}\iota \mathrm{k}\mathrm{i}\mathrm{n}\mathrm{g}\lim_{m}arrow$
’ we get
$\mathrm{O}arrow N[t^{-1}]arrow N[t-1]S-\alphaarrow N(\alpha)arrow 0$ .
Since $N[t^{-1}]=N[f^{-1}]$ , and since $0arrow N[f^{-1}]-^{S}arrow-\alpha N[f^{-1}]arrow N(\alpha)[f-1]arrow 0$ is
$(^{1}\mathrm{X}\mathrm{a}\mathrm{C}\mathrm{t}$ . we get tlle desired result.
$R.e\uparrow\tau?,ark\mathit{5}.r/.\mathit{1}$ . The above lemma generalizes [ $\mathrm{K}\mathrm{K}$ , Lemma 2.3].
Lemma 5.8. Let $N,$ $N’$ and $N”$ be $D_{X}[s, t]$ -modules satisfying $(5.4.1)-(5.4.4)$ , and
$B$ $c$
$l,\mathrm{r}’ t,$ $N’arrow Narrow N”$ be $D_{X}[s, t]$ -homomorphisms which induce an exact sequence
$B$ $c$
(5.8.1) $0arrow N’[f^{-}1]arrow N[f^{-1}]arrow N’’[f^{-}1]arrow 0$.
$Th_{C^{\lrcorner}\uparrow}7$, the sequence
(5.8.2) $0arrow N’(\alpha)arrow N(\alpha)B_{\alpha}arrow N’’(\alpha)C_{\alpha}arrow 0$
$i\uparrow 7,\mathrm{r}l\mathrm{t}lCed$ by $B$ and $C$ is exact if $\alpha\in A_{\epsilon}(N)\cap A_{\epsilon}(N’)\cap A_{\epsilon}(N’’)(\epsilon=+or -)$ .
$p_{?\mathit{0}\mathit{0}}f$. By (5.3), we may and do assume that ${\rm Re}(\alpha)\gg \mathrm{O}\mathrm{o}\mathrm{r}\ll \mathrm{O}$ .
First, we prove the surjectivity of $C_{\alpha}$ . Let $N”= \sum_{i}Du_{i}^{\prime l}$ (finite sum). Take
$\prime n_{j}\in N$ and $m,$ $\in \mathrm{z}_{\geq 0}$ so that $C(t^{-m}u_{i})=u_{i}’’$ for all $\dot{i}$ . Take $\alpha\in \mathrm{C}$ so that
(5.8.3) $b(\alpha+j-1, N^{\prime;})\neq 0$ $(1 \leq j\leq m)$ .
Since $t^{m}u_{i}’’\in C(N),$ $C(N)+(s-\alpha)N’/\supset t^{m}N’’+(s-\alpha)N//$ . Since our present
$1)11\mathrm{r}_{1^{)\mathrm{O}}}\mathrm{S}\mathrm{e}$ is to prove that $C(N)+(s-\alpha)N’/\supset N’’$ , it suffices to show that
(5.8.4) $t^{j}N’’+(s-\alpha)N’’\supset t^{j-1}N’’+(s-\alpha)N’/$
for $1\leq j\leq m$ . The left hand side of (5.8.4) contains $t^{j-1}(tN’/+(s-\alpha-j+1)N’’)$ ,
which is equal to $t^{j-1}N’’$ by (5.5) and (5.8.3). Thus we get (5.8.4).
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Next, we prove that $\mathrm{k}\mathrm{e}\mathrm{r}C_{\alpha}\subset \mathrm{i}\mathrm{m}\mathrm{a}\mathrm{g}\mathrm{e}B_{\alpha}$, or equivalently that $C^{-1}((s-\alpha)N’’)\cap$
$N\subset N’+(s-\alpha)N$ . (Here and below, we regard $N’\subset N.$ ) Let $C^{-1}((S-\alpha)N’’)\mathrm{n}N=$
$\sum_{i}.Dv_{i}$ (finite sum). (Since $D$ is left noetherian, every $D$-submodule of $N$ is finitely
gcnerated.) Let $u_{i}’’,$ $u_{i}$ and $m$ be as in the first step. Then $C(v_{i})=(s- \alpha)\sum jPiju_{j}’’$
for some $P_{ij}\in D$ . Since $C(t^{-}m \sum_{j}Pijuj)=\sum_{j}P_{ijj}^{-}u^{\prime;}$ ,
(5.8.5) $v_{i}-(s- \alpha)t-m\sum Piju_{j}j\in N’[f^{-}1]\cap t^{-}mN=N’[t^{-1}]\cap t-mN$ ,
by the exactness of (5.8.1), and by (5.4.3). Since $N’[t^{-1}]\cap t^{-m}N(\subset t^{-m}N)$ is a
fillitely generated $D$-module, we can take $l\geq m$ so that
(5.8.6) $t^{\iota}(N’[t-1]\cap t^{-m}N)\subset N’$ .
By (5.8.5) and (5.8.6), we get
$(5.8.7_{j})$ $t^{j}v_{i}\in N’+(s-a+j)N$
for $j=l$ . Take $\alpha\in \mathrm{C}$ so that
$b(\alpha-j, N’)\neq 0$ $(1 \leq j\leq l)$ , and
(5.8.8)
$b(\alpha-j, N)\neq 0$ $(1\leq j\leq l)$ .
By (5.8.8) and (5.5), we get
$(s-\alpha+j)N’+tN’=N’$ $(1 \leq j\leq l)$ , and
(5.8.9)
$(s-\alpha+j)N\cap tN=(S-\alpha+j)tN$ $(1 \leq j\leq l)$ .
By $(5.8.7_{l})$ and (5.8.9), we get
$t(t^{l-1}vi)\in tN’+(s-\alpha+l)N$, and hence
$t(t^{l-1}v_{i})\in tN’+(s-\alpha+l)tN$ ,
from which follows $(5.8.7l-\iota)$ . Repeating this procedure, we finally get $(5.8.7_{0})$ ,
which is the desired result.
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Last, we prove the injectivity of $B_{\alpha}$ . If ${\rm Re}(\alpha)\ll 0$ , then (5.8.2) follows from









$\downarrow s-\alpha$ $\downarrow s-\alpha$ $\downarrow s-\alpha$
$0arrow$ $N’[f^{-}1]$ $rightarrow$ $N[f^{-1}]$ $arrow$ $N”[f^{-}1]$ $rightarrow 0$
$\downarrow$ $\downarrow$ $\downarrow$
$0rightarrow N’(\alpha)[f-1]rightarrow N(\alpha)[f-1]arrow N’’(\alpha)1f^{-}1]rightarrow 0$
$\downarrow$ $\downarrow$ $\downarrow$
$0$ $0$ $0$
$\mathrm{t}11\mathrm{C}$ first two horizontal sequences and three vertical sequences being exact, the third
$1_{101}\cdot \mathrm{i}_{\mathrm{Z}\mathrm{O}\mathrm{l}1}\mathrm{t}\mathrm{a}1$ sequence is also exact, which is nothing but (5.8.2) by (5.7).) Assume
tllat ${\rm Re}(\alpha)\gg \mathrm{O}$ . By (5.6),
$[\mathrm{k}\mathrm{e}\mathrm{r}B_{\alpha}]=[N’(\alpha)]-[N(\alpha)]+[N’’(\alpha)]$
$=[N’(\alpha-k)]-[N(\alpha-k)]+[N’’(\alpha-k)]$
$\mathrm{f}\mathrm{o}1$ any $k\in$ Z. Taking $k^{\wedge}$ so that ${\rm Re}(\alpha-k)\ll \mathrm{O}$ , we can see that $[\mathrm{k}\mathrm{e}\mathrm{r}B_{\alpha}]=0$ , i.e.,
$B_{\alpha}$ is injective.
5.9. $D$-Modules $D_{X}[s](fS\underline{u}|V)$ and $D_{X}(f^{\alpha}\underline{u}|V)$ . Let $X$ be a connected non-
sillgular variety over $\mathrm{C}$ and $0\neq f\in\Gamma(X, \mathcal{O}_{X})$ . (We do not assume $X$ to be
affille.) Let $X_{0}:=X\backslash f^{-1}(0),$ $V$ be a Zariski open subset of $X_{0},$ $\mathcal{M}$ a coherent
$D_{V}$-module, and $\underline{u}=(u_{1}, \cdots, u_{p})$ a $p$-tuple of elements of $\Gamma(V, \mathcal{M})$ . Consider the
lcft $D_{X}[s]$-submodule $\mathcal{I}$ of $D_{X}[S]^{p}$ consisting of $(P_{1}(s), \cdots , P_{p}(s))\in D_{X}[S]^{p}$ such
$\uparrow|\mathrm{h}\mathrm{a}\mathrm{t}\sum_{i=1}^{p}(f^{m-s}Pi(S)fS)u_{i}=0$ holds in $\mathrm{C}[s]\otimes_{\mathrm{C}}\mathcal{M}$ whenever $m\in \mathrm{Z}$ is sufficiently
large. Put $N:=D_{X}[S]^{p}/\mathcal{I}$ . Denote by $(f^{S}\underline{u})_{i}|V$ the element $((0, \cdots \mathrm{o}, 1,0, \cdots, 0)$
lllocl $\mathcal{I}$), where 1 appears at the $\dot{i}$-th place. Then $N= \sum_{i=1}^{p}D_{\mathrm{x}}[s]((f^{s}\underline{u})i|V)$ . Put
$f^{s}\underline{\uparrow}|V:=$ $((f^{s}\underline{u})_{1}|V, \cdots , (f^{S}\underline{u})p|V)$ . We write $N=D_{X}[s](f^{s}\underline{u}|V)$ . For a complex
llllmber $\alpha$ , put $N(\alpha):=N/(s-\alpha)N$, and $f^{\alpha}\underline{u}|V=((f^{\alpha}\underline{u})_{1}|V, \cdots, (f^{\alpha}\underline{u})_{p}|V)$ $:=$
$(f^{s}\underline{\tau\iota}|V\mathrm{m}\mathrm{o}\mathrm{d} (s-\alpha)N)$ . Then $N( \alpha)=D_{X}(f^{\alpha}\underline{u}|V)=\sum_{i=1}^{p}D_{x}((f^{\alpha}\underline{u})i|V)$ . It is
casy to see that
(5.9.1) $(D_{X}[S](f^{s}\underline{u}|V))|U=D_{U}[S](fs\underline{u}|V\cap U)$
for any Zariski open set $U$ of $X$ , and
(5.9.2) $D_{X}[s](f^{s}(g\underline{u})|V)=D_{X}[s](g(f^{S}\underline{u}|V))$
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$\mathrm{f}\mathrm{o}1^{\cdot}$ any $g\in \mathrm{C}[X]$ . We shall denote (5.9.2) by $D_{X}[s](f^{s}g\underline{u}|V)--D_{X}[s](gf^{s}\underline{u}|V)$ . If
$X$ is an affine variety, we define $D_{X}[s](fs|\underline{u}V)$ and $D_{X}(f^{\alpha}\underline{u}|V)$ in the same way as
above. Then
(5.9.3) $\Gamma(x, D_{X}[s](f^{s}\underline{u}|V))=D_{X}[s](fS\underline{u}|V)$ , and
(5.9.4) $\Gamma(X, D_{X}(f\alpha|\underline{u}V))=D_{X}(f^{\alpha}\underline{u}|V)$ .
If $V=X_{0}$ , we sometim.es write $f^{s}\underline{u}$ and $f^{\alpha}\underline{u}$ for $f^{s}\underline{u}|X_{0}$ and $f^{\alpha}\underline{u}|X_{0}$ . It is easy tosce that
(5.9.5) $f$ is not a zero divisor of $D_{X}[s](f^{s}\underline{u}|V)$
and
(5.9.6) $D_{X}[s](fS\underline{u}|V)$ is $\mathrm{C}[s]$ -fiat ($\dot{i}.e.,$ $\mathrm{C}[s]$ -torsion free).
Lemma 5.10. Let $D_{X_{0}}\underline{v}$ and $D_{X_{0}}\underline{w}$ be two coherent $D_{X_{0}}$ -modules with finite global
$.(l^{(^{\lrcorner}?},7,Crat_{\mathit{0}}r$ systems $\underline{v}$ and $\underline{w}$ , respectively. Assume that $b(s, D_{\mathrm{x}1s]}(f^{S}\underline{v}))\not\equiv 0$ and
$l)(.9, D_{x[}S](fs\underline{w}))$
$\not\equiv 0$ . (1) Then a $D_{X_{0}}$ -homomorphism $\varphi$ : $D_{\mathrm{x}_{0}\underline{v}}arrow D\mathrm{x}_{0}\underline{w}$ induces canonically a
$Dx- l7,omomorph\dot{i}Sm\varphi\alpha$ : $D_{X}(f^{\alpha}\underline{v})arrow D_{X}(f^{\alpha}\underline{w})\dot{i}f|{\rm Re}(\alpha)|\gg 0$ . (2) In particular,
$D_{X}(f^{\prime\alpha}\underline{v})\simeq D_{X}(f^{\alpha}\underline{w})$ if $D_{X_{0}}\underline{v}\simeq D_{\mathrm{x}_{0}\underline{w}}$ and $|{\rm Re}(\alpha)|\gg 0$ .
Proof. It is enough to construct a $\mathrm{h}_{\mathrm{o}\mathrm{n})\mathrm{o}\mathrm{m}}\mathrm{o}\mathrm{r}\mathrm{p}\mathrm{h}\mathrm{s}\mathrm{i}\mathrm{m}\varphi_{\alpha}$ locally but canonically.
Iilcnce we may assume from the beginning that $X$ is an affine variety. Let $\underline{v}=$
$(’\iota \mathit{1}_{1}. \cdots),$ $\underline{u|}=(u\prime_{1}, \cdots),$ $\varphi(v_{i})=f^{-k_{\sum_{j}w_{j}}}P_{ij}$ with $P_{ij}\in D_{X}$ and with $k\in \mathrm{z}_{\geq 0}$ ,
$\mathit{1},$
$\geq k+\max_{j}(\mathrm{o}\mathrm{r}\mathrm{d}Pij)$ , and $f^{s-k}P_{ij}=Q_{ij}(S)f^{S-\iota}$ (multiplication of operators) with
$Q_{jj}(s)\in D_{X}[S]$ . Define $\varphi_{S}$ : $D_{X}[s](f^{S}\underline{v})arrow D_{X}[s](f^{-\iota}\cdot fS\underline{w})$ by
$\varphi_{S}(\sum_{i}R_{i(S)}(f^{s}\underline{v})_{i}):=\sum_{i,j}R_{i}(S)Q_{i}j(s)(f^{-l}\cdot(f^{s}\underline{w})_{j})$ .
Thcn it is easy to see that $\varphi_{S}$ is well defined and that $\varphi_{S}$ is independent of the choice
of $P_{ij},$ $k$ and $l$ . Consider the $D_{X}$-homomorphism $\varphi_{\alpha}$ : $D_{X}(f^{\alpha}\underline{v})arrow D_{X}(f^{\alpha-}\iota_{\underline{w}})$
$\mathrm{i}_{\mathrm{l}1(}1\iota 1\mathrm{c}\mathrm{e}\mathrm{C}1$ by $\varphi_{S}$ . If $|{\rm Re}(\alpha)|\gg 0$ , then $\varphi_{\alpha}$ can be regarded as a $D_{X}$ -homomorphism
$\varphi_{\alpha}$ : $D_{X}(f^{\alpha}\underline{v})arrow D_{X}(f^{\alpha}\underline{u;})$ by (5.3). Thus we obtain the desired homomorphsim.
$R.e7nark$
.
$\mathit{5}.\mathit{1}\mathit{1}$ . We can not expect that $D_{X}(f^{\alpha}\underline{u}|V)$ is determined by $D_{V}\underline{u}$ , even if
wc ilnpose a “reasonably strong” assumptions on $\underline{u}$ . Instead, denoting by $j_{V}$ : $Varrow$
$-\mathrm{Y}_{0}$ the inclusion mappillg, and regarding $\underline{u}$ as global sections in $\Gamma(X_{0}, (j_{V})_{*}(DV\underline{u}))$ ,
wc can see from (5.10) that $D_{X}(f^{\alpha}\underline{u}|V)$ is determined by $D_{X_{0}}\underline{u}$ .
For example, let $X:=\mathrm{C},$ $f(x):=x,$ $V:=\mathrm{C}\backslash \{0,1\},$ $u_{k}:=(x-1)^{k}(k\in \mathrm{Z})$ ,
$\dot{c}\mathrm{t}_{}11\mathrm{c}1$ let $\alpha$ be an arbitrary integer. Then $D_{V}u_{k}=\mathcal{O}_{V}$ , but
$\mathrm{D}\mathrm{R}(D_{\mathrm{C}^{\cross}}(f\alpha|uk^{\backslash }V))=\{$
$R(j_{V})_{*}\mathrm{C}$ , if $k<0$
$\mathrm{C}$ , if $k\geq 0$ .
Lemma 5.12. (Keep notation of (5.9).) Assume that $D_{V}\underline{u}$ is holonomic and the
$i,\uparrow|,cluS\dot{i}\mathit{0}n$ mapping $j_{V}$ : $Varrow X_{0}$ is an affine morphism. Then there exists a non-
$/^{\mathrm{Y}}\cdot(^{\lrcorner},ro$ polynomial $b(s)\in \mathrm{C}[s]$ such that $b(s)D_{\mathrm{x}[s}](f^{s}\underline{u}|V)\subset D_{X}[s](f^{S+}1\underline{u}|V)$ .
Proof. Since $\Gamma(X_{0}, (j_{V})_{*}\mathcal{M})=\Gamma(V, \mathcal{M})\ni u_{i}$ , we can define $D_{X}[S](f^{s}\underline{u})=D_{X}[s](fS\underline{u}|X_{0}$
considering $u_{i}’ \mathrm{s}$ as sections of $(j_{V})_{*}\mathcal{M}$ on $X_{0}$ . It is easy to see that
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(5.12.1) $D_{X}[S](f^{S}\underline{u})=D_{X}[S](fS\underline{u}|V)$ .
Sillce $(j_{V})_{*}\mathcal{M}$ is holonomic, the remainder of the proof goes in the same way as
[Ka2, Theorem 2.7].
Lemma 5.13. Let $X_{0}\supset V_{1}\supset V_{2}\neq\phi$ be Zariski open subsets such that the
$\prime i,\uparrow lcluS\dot{i}on$ mappings $V_{i}arrow X_{0}$ are affine, $\mathcal{M}$ a coherent $D_{V_{1}}$ -module, $u_{i}\in\Gamma(V_{1}, \mathcal{M})$ ,
($m\mathrm{c}l\underline{u}=(u_{1}, u_{2}, \cdots)$ (finite set). Then the following two conditions are equivalent.
(1) For any affine $open\simeq$ subset $U$ of $V_{1},$ $D_{U}\underline{u}arrow D_{V_{2}\cap U}.\underline{u}$. is $\dot{i}nj$. ective.
(2) $D_{X}[s](f^{s}\underline{u}|V1)arrow D_{X}[S](f^{s}\underline{u}|V2)$ .
Proof. For the sake of simplicity, we assume that $\underline{u}$ consists of only one section
$?\mathrm{t}\in\Gamma(V_{1}, \mathcal{M})$ . Let $\mathcal{I}_{i}\subset D_{X}[S1$ (resp. $J\subset D_{V_{1}}$ ) be the annihilator of $(f^{S}u|Vi)$
(resp. $u$ ). Then the following conditions are equivalent to (2).
(3) For any affine open subset $U$ of $X$ ,
$\simeq$
$D_{U}[s](f^{s}u|V_{1}\cap U)arrow D_{U}[s](f^{s}u|V_{2}\cap U)$.
(4) For any affine open set $U$ of $X$ , for any $P(s)\in D_{U}[s]$ , and for any $m\gg 0$ ,
$(f^{\prime n-s_{P}}(s)fs)u$ vanishes on $V_{1}\cap U$ if it vanishes on $V_{2}\cap U$ .
(5) For any affine open subset $U$ of $X$ , and for any $P\in D_{U}$ , Pu vanishes on $V_{1}\cap U$
if it vanishes on $V_{2}\cap U$ .
(6) For any affine open subset $U$ of $V_{1}$ , and for any $P\in D_{U},$ $P\in\Gamma(U, J)$ if
$\Gamma|V_{2}\cap U\in\Gamma(V2^{\cap U,J})$ .
Let $U$ be as in (6). Since $U$ and $V_{2}\cap U$ are affine, we get the commutative
diagram
$0arrow$ $\Gamma(U, J)$ $arrow$ $\Gamma(U, D)$ $arrow$ $\Gamma(U, Du)$ $arrow 0$
$\downarrow$ $\downarrow$ $\downarrow\rho$
$0arrow\Gamma(V_{2}\cap U, J)arrow\Gamma(V_{2}\cap U, D)arrow\Gamma(V_{2}\cap U, Du)arrow \mathrm{O}$
with exact rows. From this diagram, we can see that (6) is equivalent to the
injcctivity of $\rho$ , which is equivaIent to (1).
Lemma 5.14. Let notation and assumption be as in (5.13). Assume further that
$\mathcal{M}=D_{V_{1}}\underline{u}=\sum_{i}D_{V_{1}}u_{i}$ and $\mathcal{M}$ is a simple $D_{V_{1}}$ -module, $i.$ e.,- a non-zero coherent
$D_{V_{1}}$ -module without proper coherent $D_{V_{1}}$ -submodules.
(1) For any open subset $W$ of $V_{1},$ $\mathcal{M}|W$ is a simple $D_{W}$ -module, $or=0$ .
(2) The support of $\mathcal{M}$ is an irreducible variety.
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(3) If $\mathcal{M}|W\neq 0$ , then $\Gamma(V_{1}, \mathcal{M})arrow\Gamma(W,\mathcal{M})$ is $injectivearrow$
(4) Exactly one of the following holds.
(a) $\mathcal{M}|V_{2}=0$ .
(b) $D_{\mathrm{x}}[S](f^{s}\underline{u}\iota V_{1})arrow\simeq DX1S](fs\underline{u}[V2)$ .
Proof. (1) Assume that $\mathcal{M}|W$ has a proper coherent $D_{W}$-submodule $N_{W}$ . By
[Ho, (I, 3.3.2, $(\mathrm{i}\mathrm{i})$ )], there exists a coherent $D_{V_{1}}$ -submodule $N$ of $\mathcal{M}$ such that
$N|W=N_{W}$ . This is absurd.
(2) Assume that $\mathrm{Y}:=\mathrm{s}\mathrm{u}\mathrm{p}\mathrm{p}\mathcal{M}$ is not irreducible. Take an affine open subset
$W$ of $V_{1}$ such that $Z:=\mathrm{s}\mathrm{u}\mathrm{p}\mathrm{p}(\mathcal{M}|W)$ is not irreducible. Put $A:=\mathrm{C}[W]$ . By
[Bo, Chapter 4, \S 1, Theorem 1], $A\underline{u}$ has an $A$-submodule, say $M’$ , whose support
$\mathrm{i}\llcorner \mathrm{s}$ irreducible. Since $\mathrm{s}\mathrm{u}\mathrm{p}\mathrm{p}(D_{W}M’)=\mathrm{s}\mathrm{u}\mathrm{p}\mathrm{p}(M’)\subset \mathrm{s}\mathrm{u}\mathrm{p}\mathrm{p}(A\underline{u})=\mathrm{s}\mathrm{u}\mathrm{p}\mathrm{p}(D_{W}\underline{u})=Z$,
$D_{W}M’$ is a proper coherent $D_{W}$-submodule of $\mathcal{M}|W$ . This contradicts (1).
(3) Assume that $0\neq u\in\Gamma(V_{1}, \mathcal{M})$ and $u|W=0.$ Sil.lce $\mathcal{M}$ is simple, $\mathcal{M}=D_{V_{1}}u$ .
Hcnce $\mathcal{M}|W=0$ .
(4) It suffices to prove (b) assuming that (a) does not hold. (Obviously (a) and
(b) can not hold in the same time.) By (5.13), it suffices to prove the injectivity of
$\varphi:D_{U^{\underline{l}}}arrow D_{V_{\sim}\cap U},\underline{u}$ for any affine open subset $U$ of $V_{1}$ . Assume contrary that $\varphi$ is
$1\iota \mathrm{o}\mathrm{t}\mathrm{i}\mathrm{l}\mathrm{l}\mathrm{j}\mathrm{e}\mathrm{c}\mathrm{t}\mathrm{i}_{\mathrm{V}}\mathrm{e}$ for some $U\subset V_{1}$ . Then $D_{U}\underline{u}\neq 0$ and $\mathrm{Y}\cap U\neq\phi(\mathrm{Y}=\mathrm{s}\mathrm{u}\mathrm{p}\mathrm{p}M)$ . By
(1), $D_{U}\underline{u}$ is simple. Since $\mathrm{k}\mathrm{e}\mathrm{r}\varphi\neq 0,$ $\varphi=0.$ Hence $\underline{u}=0$ in $D_{V_{2}\cap U}\underline{u},$ $DV_{2^{\cap}}U\underline{u}=0$ ,
(tlld $Y\cap V_{2}\cap U=\phi$ . Since we are assuming (a) does not hold, $\mathrm{Y}\cap V_{2}\neq\phi$ . However
$\mathrm{t}_{l}1\iota \mathrm{c}\mathrm{S}|\mathrm{e}$ relations contradict the irreducibility of $Y$ (see (2)).
Lemma 5.15. (Keep notation of (5.9) with $V=X_{0}.$) Let $t$ be the coordinate of
$\mathrm{C}^{\cross}$ , and $pr:X_{0}\cross \mathrm{C}^{\cross}arrow X_{0}$ the projection. Then by $srightarrow-.\partial_{t}t$ and $f^{s}\underline{u}rightarrow\delta(t-\simeq$
$f(.\prime l’))\underline{u}(X)$ , we obtain isomorphisms $\mu$ : $pr_{*}D_{X0\mathrm{X}\mathrm{c}}\mathrm{x}=D_{X_{0} ,\simeq}\otimes_{\mathrm{C}}\mathrm{c}[-\partial_{t}t, t, t^{-1}]arrow$
$D_{\mathrm{x}_{0}1}s,$ $t,$ $t^{-1}]$ and $\mu$ : $pr_{*}(D_{x_{0}\cross \mathrm{c}}\mathrm{x}(\delta(t-f(x))\underline{u}(x)))arrow D_{X_{0}}[S,t,t^{-1}](f^{s}\underline{u})=$
$D_{X_{0}}[s](f^{s}\underline{u})$ . (We have written $\underline{u}(x)$ for $\underline{u}$ in some places in order to indicate
that they are sections on $X_{0}.$)
Proof. We may assume $X_{0}$ to be an affine variety. For the sake of simplicity,
wc assume that $\underline{u}=(u_{1}, \cdots)$ consists of only one section $u$ . Define C-algebra
homomorphisms $\Phi$ : $D_{X_{0}}arrow D_{X_{0}}[\partial_{t}t]$ and $\Psi$ : $D_{X_{0}}arrow D_{X_{0}}[s]$ by $\Phi(\partial_{x}:)=\partial_{x_{i}}+$









$\Leftrightarrow P_{i0u}=0$ for all $i\geq 0$ .
(The last $‘\Leftrightarrow$ ’ follows from the identity of the form $(- \partial_{t}t)i\delta(t-f(X))=\sum_{\nu=0}^{i}C\nu f^{\nu}$ .
$\delta^{\langle\nu)}(t,-f(X))$ , with $c_{i}=1$ and $c_{\nu}\in \mathrm{C}.$ ) Using this relation together with the similar
rclation for $f(x)^{s}u(x)$ , we get
$R(\delta(t-f(x))u(X))=0\Leftrightarrow\mu(R)(f(X)^{S}u(x))=0$
for $R\in D_{\mathrm{x}_{0\cross}\mathrm{c}\cross}$ .
Theorem 5.16. Let $V$ be a Zariski open subset of $X_{0}=X\backslash f^{-1}(0)$ such that
$\uparrow,\uparrow lCluS\dot{i}on$ mapping $j_{V}$ : $Varrow X_{0}$ is an affine morphism, let $j$ : $X_{0}arrow X$ denote
$t,he$ inclusion mapping, and assume that $D_{V}. \underline{u}=\sum_{i=1}^{p}D_{V}u_{i}$ is a regular holonomic
$D_{V}$ -module. Then
(1) $D_{X}(f^{\alpha}\underline{u}|V)$ is a regular holonomic $D_{X}$ -module,
(2) $\mathrm{D}\mathrm{R}(D_{X}(f\alpha\underline{u}|V))=Rj_{*}\mathrm{D}\mathrm{R}(D_{X_{0}}(f^{\alpha}\underline{u}|V))$ if $\alpha\in A_{-}(D_{x}[s](f^{s}\underline{u}|V))$ , and
(3) $\mathrm{D}\mathrm{R}(D_{X}(f\alpha\underline{u}|V))=j_{!}\mathrm{D}\mathrm{R}(DX_{0}(f^{\alpha}\underline{u}|V))$ if $\alpha\in A_{+}(D_{X}[s](f^{s}\underline{u}|V))$ .
(Recall that $\mathrm{D}\mathrm{R}(-)=\mathrm{D}\mathrm{R}_{X}(-)=R\underline{\mathrm{H}\mathrm{o}\mathrm{m}}_{D^{an}}(\mathcal{O}^{an}$ , - $)$ , where $\mathcal{O}^{an}=\mathcal{O}_{X}^{an}$ is the
$‘\backslash ;1\mathrm{l}\mathrm{e}\mathrm{a}\mathrm{f}$ of holomorphic functions, $D^{an}=D_{X}^{an}:=\mathcal{O}^{an}\otimes_{\mathcal{O}}D,$ and $\underline{\mathrm{H}\mathrm{o}\mathrm{m}}$ denotes the
$\iota\iota;1_{1\mathrm{c}\mathrm{a}\mathrm{f}}$ of local homomorphisms. Cf. (2.8).)
$R,emark\mathit{5}.\mathit{1}’/$. In the above theorem, the regularity assumption for $D_{V}\underline{u}$ can not
[ $)\langle^{\backslash }$, rcmoved even for (2) or (3). For example, let $X:=\mathrm{C},$ $f(x):=x,$ $\partial:=d/dx$ ,
$\mathcal{M}:=D/D(x^{m+1}\partial-1)(m\in \mathrm{Z}_{>0}),$ $u$ the class of $1\in D$ in $\mathcal{M}$ , and $N:=D[s](x^{S}u)$ .
Tllen
$(-x^{m-1}(S+1)+X^{m}\partial)(Xu)s+1=x^{s}u$,
$l,(s,N)=1,$ $A_{\pm}(N)=\mathrm{C}$ , and $D(x^{\alpha}u)=D(x^{\alpha}u)[X^{-}1]$ for any $\alpha\in \mathrm{C}$ by (5.7). How-
cver $\sum_{k>0()^{k}}.-1Hk(\mathrm{D}\mathrm{R}(D_{\mathrm{x}}(X\alpha u)))_{0}=-m$ and $\sum_{k\geq 0}(-1)^{k}Hk(Rj*\mathrm{D}\mathrm{R}(DX_{0}(X^{\alpha}u)))_{0}=$
$()$ . (Cf. $\overline{[\mathrm{K}}\mathrm{a}4$ , Chapter 6].) In particular,
$[\mathrm{D}\mathrm{R}(D_{X}(x^{\alpha}u))]\neq[Rj_{*}\mathrm{D}\mathrm{R}(DX_{0}(x^{\alpha}u))]$
cven in the Grothendieck group of perverse sheaves.
The first assertion of (5.16) is easy. (Since $(j_{V})_{*\mathrm{P}^{\mathrm{r}\mathrm{e}\mathrm{S}}}\mathrm{e}\mathrm{r}\mathrm{v}\mathrm{e}\mathrm{s}$ the regularity, we may
assume $V=X_{0}$ by (5.12.1). If $p=1,$ (1) is already settled in (2.8.6). Then we can
$1)\mathrm{r}\mathrm{o}\mathrm{V}\mathrm{e}$ generally, noting that $D_{X}(f^{\alpha}\underline{u})$ is a quotient of $\oplus_{i=1}^{p}D_{X}(f^{\alpha}u_{i}).)$ We shall
prove (2) and (3) by reducing successively the proof to easier cases. The second
assertion is proved in (5.23). The proof of the third .ssertion is long, and will cometo an end in (5.38).
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5.18. First reduction. By (5.3), we may assunle that
(A1) ${\rm Re}(\alpha)\ll \mathrm{O}$ (resp. $\gg 0$) in (5.16, (2)) (resp. (5.16, (3))).
5.19. Second reduction. Since our problem is local by (5.9.1), we may assunle
tllat
(A2) $X$ is an affine variety.
Then
(A2) $V$ is an affine variety.
By the first note of the same volume, we may also assunle that
$(\mathrm{A}2’’)$ there exists $g\in\Gamma(X, \mathcal{O}_{X})$ such that $V=X_{0}\backslash g^{-1}(0)$ .
5.20. Third reduction. Put $x\#:=X^{\mathrm{b}}\cross \mathrm{C},$ $f^{\#}(x, y):=f^{\mathrm{b}}(x)y,$ $V\#:=V^{\mathrm{b}}\cross \mathrm{C}$ ,
$\mathcal{A}\Lambda\#:=\mathcal{M}^{\mathrm{b}}\mathrm{H}\mathcal{O}_{\mathrm{C}^{\cross}},$ $u_{i}^{\#}:=u_{i}^{\mathrm{b}}\otimes 1,$ $\underline{u}\#:=(u_{1}^{\#}, \cdots, u_{p}\#),$ and $\underline{u}^{\mathrm{b}}:=(u_{1}^{\mathrm{b}}, \cdots, u_{p}^{\mathrm{b}})$ . By
‘ (-) X $\mathrm{D}\mathrm{R}(D_{\mathrm{C}y^{\alpha})}$ ’ and conversely by the restriction to $X^{\mathrm{b}}\cross\{1\}(\subset x\#),$ $(5.16)$ for
$x\#,$ $f^{\#},$ $\cdots$ follows from that for $X^{\mathrm{b}},$ $f^{\mathrm{b}}\cdots$ , and vice versa. Thus we may assume
$\mathrm{f},1\mathrm{l}\mathrm{a}\mathrm{t}$
(A3) $X,$ $f,$ $V,$ $\mathcal{M},$ $\underline{u}$ can be obtained as $x\#$ etc. from those for $X^{\mathrm{b}}$ etc.
Note tllat (A3) implies that
$(\mathrm{A}3^{})$ there exists $E\in\Gamma(X, D_{\mathrm{x}})$ such that $Eu_{i}=0$ and $Ef=f$ .




5.22. Fifth reduction. Assunle $(\mathrm{A}1)-(\mathrm{A}4)$ . By [Ka2, Theorem 2.5], there exists
$\dot{\epsilon}\mathrm{t}\mathrm{l}1$ affine open neighbourhood $X’$ of $f^{-1}(0)$ such that $D_{X}(f^{s}\underline{u})|x’$ is subholonomic.
Since (5.16) is obvious outside of $f^{-1}(0)$ , we nlay assume that $D_{X}(f^{s}\underline{u})$ is subholo-
llomic, replacing $X$ with $X’$ . By $(\mathrm{A}3’),$ $D_{X}(f^{s}\underline{u})=D_{X}[S](f^{S}\underline{u})$ . Hence we may
assume, without destroying $(\mathrm{A}1)-(\mathrm{A}4)$ , that
(A5) $N:=D_{X}[s](f^{s}\underline{u}|V)$ is subholonomic.
(Indeed, we may assume that this procedure preserves $(\mathrm{A}1)-(\mathrm{A}4)$ except for (A3).
If $X$ etc. are obtained as $x\#$ etc. from $X^{\mathrm{b}}$ etc. as in (5.20), then first shrink $X^{\mathrm{b}}$ ,
$\subset \mathrm{u}\mathrm{l}\mathrm{c}\mathrm{l}$ next apply $‘ \mathrm{b}arrow\#’$ . Then we can assume (A5) keeping (A3) as well.) Then if
wc define the $t$-action on $N$ by $t(P(s)(f^{S}u_{i}))=P(s+1)(f\cdot f^{S}ui)$ for $P(s)\in D_{X}[s]$ ,
$N$ becomes a $D_{X}[s, t]$ -module satisfying $(5.4.1)-(5.4.4)$ . (Indeed, (A5) is (5.4.1),
(5.9.5) yields (5.4.2), (5.4.3) can be directly proved, and (5.9.6) is (5.4.4).)
5.23. Proof of (5.16, (2)). By (5.7), $D_{X}(f^{\alpha}\underline{u})=N(\alpha)=N(\alpha)[f-1]$ if ${\rm Re}(\alpha)\ll$
$0$ . Hence we get the result by (5.16, (1)).
5.24. Sixth reduction. Let us prove (5.16, (3)) when the length of $D_{V}u$ is $l$ ,
assuming that $l>1$ and (5.16, (3)) is already proved when the length is $<l$ . If $V$
and $\underline{u}$ are obtained as $V\#$ and $\underline{u}\#$ from some $V^{\mathrm{b}}$ and $\underline{u}^{\mathrm{b}}$ as in (5.20), then consider a
$1)\mathrm{r}\mathrm{o}\mathrm{p}\mathrm{e}\mathrm{r}$ coherent $D_{V^{\mathrm{b}}}$ -submodule $D_{V}\mathrm{b}\underline{u}’\mathrm{b}$ of $D_{V^{\mathrm{b}}}\underline{u}^{\mathrm{b}}$ , put $D_{V}\mathrm{b}\underline{u}^{\prime;\mathrm{b}}:=D_{V}\mathrm{b}\underline{u}^{\mathrm{b}}/D_{V^{\triangleright}}\underline{u}^{\mathrm{b}}’$ ,
apply $‘ \mathrm{b}arrow\#’$ , and denote the resulting $D$-modules by $D_{V}\underline{u}’$ and $D_{V}\underline{u}’’$ . Then
applying the reduction of (5.22) once again, we may assume that all the assumptions
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$(\mathrm{A}1)-(\mathrm{A}5)$ are satisfied by $D_{V}\underline{u},$ $D_{V}\underline{u}’$ and $D_{V}\underline{u}’’$ . Put $N:=D_{X}[s](fs\underline{u}),$ $N’$ $:=$
$D_{X}[s](f^{S;}\underline{u})$ and $N”:=D_{X}[s](f^{s}\underline{u})\prime\prime$ . Then $N,$ $N’$ and $N”$ satisfy $(5.4.1)-(5.4.4)$ ,
and (5.8.1) becomes exact. Hence (5.8.2) is also exact, and applying DR to it, we
$\mathrm{g}\mathrm{c}\mathrm{t}$
. the distinguish..e$\mathrm{d}$ triangle
$\mathrm{D}\mathrm{R}(D_{X}(f\alpha\underline{u})’)arrow \mathrm{D}\mathrm{R}(D_{X}(f^{\alpha}\underline{u}))arrow \mathrm{D}\mathrm{R}(D_{X(f}\alpha\underline{u}\prime\prime))arrow+$ ,
from which we get (5.16, (3)) for the second term. (Note that (5.16, (3)) is assumed
$\mathrm{t}_{1}\mathrm{o}$ be already proved for the first and the third terms by the induction hypothesis.)
Hence we may assume, without destroying $(\mathrm{A}1)-$(A5), that
(A6) $D_{V}\underline{u}$ is a $S\dot{i}mpleD_{V}$ -module, $\dot{i}.e.$ , a coherent $D_{V}$ -module without proper
$‘’.ol_{7},erentD_{V}$ -submodules.
Assume (A4) and (A6). Then, there exists a closed irreducible subvariety $Z$
of $X$ , and an irreducible locally constant sheaf $L$ on
$\mathrm{a}_{J}$
non-singular open dense
$.\backslash$lll)valiety $U$ of $Z_{0}:=Z\cap X_{0}$ such that
(5.24.1) $\mathrm{D}\mathrm{R}_{X_{0}}(D\mathrm{x}_{0}\underline{u})[\dim x_{0}]=(\dot{i}_{Z_{0}})_{*}(j_{0})_{!*}L[\dim z]$ ,
$\mathrm{w}1_{1\mathrm{C}\mathrm{r}\mathrm{C}}j_{0}$ : $Uarrow Z_{0}$ and $\dot{i}_{Z_{0}}$ : $Z_{0}arrow X_{0}$ are the inclusion $\mathrm{n}$) $\mathrm{a}_{\mathrm{P}}\mathrm{p}\mathrm{i}\mathrm{n}\mathrm{g}\mathrm{S}$.
5.25. Normal crossing case (1). Before studying generally (5.16, (3)), let us




$(e_{i}\in \mathrm{z}_{>0})$ , $X_{0\backslash }=Xf^{-1}(0)=(\mathrm{C}^{\cross})^{E}\cross \mathrm{C}^{F\mathrm{u}G\mathrm{u}H}$ ,
$Z=\{’.r_{i},=0(\dot{i}\in H)\}=\mathrm{C}^{E\mathrm{U}F\mathrm{u}c}(:=\mathrm{C}^{E\mathrm{U}F\mathrm{u}G}\cross\{0\}^{H})$ ,
$U=(\mathrm{C}^{\cross})E\mathrm{u}F\cross \mathrm{C}^{G}$,
$V=X_{0}\backslash g^{-1}(0)$ with $g(x):= \prod_{i\in E}Xie_{i}’\cross\prod_{i\in F}X_{i}^{f}(e_{i}’\in \mathrm{z}_{\geq 0}, f_{i}\in \mathrm{Z}_{>0})$,
$?)(x):= \prod_{i\in E\mathrm{U}F}x_{i}^{\lambda_{\mathrm{i}}}\cdot\prod_{i\in H}\delta(X_{i})$
$(\lambda_{i}\in \mathrm{C})$ , and
$\mathcal{M}:=\mathrm{t}\mathrm{h}\mathrm{e}$ nuiuinlal extension of $D_{V}v$ to $X_{0}$ ,
and $\underline{u}\subset\Gamma(V, D_{V}v)=\Gamma(X_{0}, (j_{V})_{*}(D_{V}v))$ generates $\mathcal{M}$ as a $D_{X_{0}}$ -module.
Let $\mathcal{M}_{1}:=((j_{V})_{*}((D_{V}v)^{*}))*$ . (Here $j_{V}arrow X_{0}$ is the inclusion mapping, and
(-)*denotes the dual $D$-module. Cf. (2.6.3).) Then $\mathcal{M}=\mathcal{M}_{1}/\mathrm{r}_{X_{0}\backslash V}(\mathcal{M}_{1})$ .
Since $v\in\Gamma(V,$ $D_{V}v\rangle$ $=\Gamma(V, \mathcal{M})\supset\Gamma(X_{0}, \mathcal{M})$ , we have $g^{m}v\in\Gamma(x_{0}, \mathcal{M})$ and
$\mathrm{R}.\mathrm{e}(\lambda_{i}+f_{i}m)\geq 0(\dot{i}\in F)$ if $m\in \mathrm{Z}$ is sufficiently large. Then the $D_{X_{0}}$ -module $\mathcal{M}$
is generated by $g^{m}v$ , and simple. Hence applying (5.14, (4)) with $V_{1}=X_{0}$ and




$Dx(f\alpha gmv)=Dx(f\alpha gv|mV)$ $(\alpha\in \mathrm{C})$ .
(Cf. also (5.9.2).) Assume that ${\rm Re}(\alpha)\gg \mathrm{O}$. By a direc.t calculation, we can show
that
$\mathrm{D}\mathrm{R}_{x}(DX(f^{\alpha}g^{m}v|V))$
$=( \bigotimes_{i\in E}j’!\mathrm{c}X_{i}^{-\alpha}-:\lambda e:)\otimes(_{i\in}\bigotimes_{F}j’!*x_{i}^{-\lambda_{i}}\mathrm{c}\mathrm{I}\otimes \mathrm{C}^{\otimes G}\otimes \mathrm{C}_{\{0\}}^{\otimes H}$ [card $H$]
$=j_{!^{\mathrm{D}\mathrm{R}_{X_{0}}}}(DX_{0}(f\alpha|g^{m}vV))$ ,
$\mathrm{w}1_{1\mathrm{e}\Gamma \mathrm{e}}j/:\mathrm{C}^{\mathrm{x}}arrow \mathrm{C}$ and $j$ : $X_{0}arrow X$ are the inclusion mappings. Hence we get
(5.16, (3)) if $\underline{u}=g^{m}v$ . Then by (5.10, (2)), we get the same for an arbitrary global
generator system $\underline{u}$ of the $D_{X_{0}}$ -module $\mathcal{M}$ .
Lemma 5.26. Keep the notation and the assumption of (5.25). Let $\pi:T^{*}Xarrow X$
be the natural projection, and $\underline{u}=(u_{1}, \cdots)$ a finite global generator system of the
$D_{X_{0}}$ -module M. Then $D_{X}[s](f^{\mathrm{s}}\underline{u})$ is $D_{X}$ -coherent, and
$\mathrm{c}\mathrm{h}(Dx[_{S}](f^{S}\underline{u}))\cap\pi^{-}1(f^{-1}(0))$
$i,s$ holonomic.
Proof. Put $F’:=\{\dot{i}\in F|\lambda_{i}\in \mathrm{Z}\}$ and $F”:=F\backslash F’$ . Then
$\mathrm{c}\mathrm{h}(D_{X}[_{S]}(fSg^{m}v))$
$=W_{E}\cross(T_{\mathrm{C}}^{*}\mathrm{c})F’\cross(\tau_{\mathrm{C}}^{*}\mathrm{c}\cup\tau_{\mathrm{t}^{*}})^{F’}0\}^{\mathrm{C}}’\cross(T_{\mathrm{C}}^{*}\mathrm{c})G\cross(T_{\mathrm{t}0}^{*}\}\mathrm{C})^{H}$ ,
where $m\gg \mathrm{O},$ $W_{E}$ is the Zariski closure of
$\bigcup_{c\in \mathrm{c}\cross}\{(_{X_{i},\xi}i)_{i\in}E\in\tau*\mathrm{C}E|e_{i}^{-1}xi\xi i=C(i\in E)\}$,
alld, $T_{\mathrm{C}}^{*}\mathrm{C}$ and $T_{\{0\}}^{*}\mathrm{C}$ are conormaI bundles of $\mathrm{C}$ and $\{0\}$ , respectively. Hence we
gct the result when $\underline{u}=g^{m}v$ .
In the general case, put $N:=D_{X}[s](f^{sm}gv)(=D_{X}(f^{sm}gv))$ and $N’:=D_{X}[S](f^{s}\underline{u})$ .
Since $N\subset N[f^{-1}]=N’[f^{-}1]\supset N’$ , and since both $N$ and $N’$ are
$\mathrm{f}\mathrm{i}\mathrm{n}\mathrm{i}\mathrm{t}\mathrm{e}\mathrm{l}\mathrm{y}\simeq$ generated
$D_{X}[S]$ -modules, $t^{m}N\subset N’$ and $t^{m}N’\subset N$ for $m\gg \mathrm{O}$ . Since $t^{m}$ : $Narrow t^{m}N$ and
$\simeq$
$t^{?n}$, : $N’arrow t^{m}N’$ , we get the result.
5.27. Normal crossing case (2). Next, we prove(5.16, (3)), assuming that $X$ ,
$f,$ $Z,$ $U$ , and $V$ are the same as in (5.25), but as for $D_{V}\underline{u}$ , simply assuming that its
characteristic variety is (the $\dot{\mathrm{c}}\mathrm{l}\mathrm{o}\mathrm{S}\mathrm{u}\mathrm{r}\mathrm{e}$ of) the conormal bundle of $U$ .
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We regard $\underline{u}$ as a subset of $\Gamma(X_{0}, (j_{V})_{*}(DV\underline{u}))$ , where $j_{V}$ : $Varrow X_{0}$ is the
$\mathrm{i}_{\mathrm{l}\mathrm{l}\mathrm{C}}1_{11\mathrm{s}}\mathrm{i}_{\mathrm{o}\mathrm{n}}$ mapping. As is easily seen, the characteristic variety of $(j_{V})_{*}(D_{V}\underline{u})$ is $a$
$\iota 111\mathrm{i}_{0}\mathrm{n}$ of conormal bundles of $\mathrm{C}^{I}$ with subsets $I\subset[1, n]$ . Hence the characteristic
variety of each composition factor, say $\mathcal{M}’$ , of $Dx_{0}\underline{u}$ is also of the same form. Since
msllpp $\mathcal{M}’=:Z’$ is an irreducible variety by (5.14, (2)), $Z’=(\mathrm{C}^{\mathrm{x}})^{E}\cross \mathrm{C}^{I’}\cross\{0\}^{H’}$
with some partition $E\mathrm{u}I’\mathrm{u}H’=[1, n]$ . (Here $E$ is the same as in (5.25).)
Moreover, considering the characteristic variety, we can see that there is a partition
$I’=F’\mathrm{u}G’$ such that the restriction of $\mathrm{D}\mathrm{R}(\mathcal{M}’)$ to $U’:=(\mathrm{C}^{\cross})E\mathrm{U}F’\cross \mathrm{C}^{G’}\cross\{0\}^{H’}$
is an irreducible locally constant sheaf (up to shift). Since $\pi_{1}(U’)=\mathrm{Z}^{E\mathrm{U}F’}$ , we can
sce that the restriction of $\mathcal{M}’$ to $V’:=(\mathrm{C}^{\cross})E\mathrm{U}F’\cross \mathrm{C}^{G’\mathrm{U}H’}$ is of the form $D_{V’}v’$
with $v’$ as in (5.25). Hence $\mathcal{M}’$ itself is also of the form as in (5.25).
Now, in order to prove (5.16, (3)), we may assume $(\mathrm{A}1)-(\mathrm{A}5)$ even in our present
$\iota‘ t1^{)\mathrm{e}}\mathrm{C}\mathrm{i}\mathrm{a}1$ situation, as we can see from the argument so far. Moreover we can reduce
the proof to the case where $D\mathrm{x}_{0}\underline{u}$ is some $\mathcal{M}’$ as above, by the argument of (5..24).
Bllt then we have already proved it in (5.25).
Similarly, we can generalize (5.26) to the case considered here. We omit the
dctail.
In (5.25) and (5.27), the similar results hold in the category of $D^{an}$-modules.
5.28. Let us return to the general situation, keeping all the assumptions $(\mathrm{A}1)-$
(A6). Let $g_{1},$ $\cdots,g_{r}$ be regular functions on $X$ such that $g_{1}=\cdots=g_{r}=0$ are
(minimal) defining equations of $Z$ at its generic point. (See (5.24) for notation.)
Lct $S$ be the locus where $f \cdot\prod_{i}g_{i}=:h$ is not normal crossing. Shrinking the open
$\iota\iota;\iota \mathrm{l}\mathrm{b}\mathrm{s}\mathrm{e}\mathrm{t}U$ of $Z_{0}$ , we may assume, keeping $(\mathrm{A}1)-(\mathrm{A}6)$ , that
(A7) $U$ is non-singular, $U\cap S=\emptyset$ and $U=Z_{0}\backslash p^{-1}(0)$ with some $p(x)\in \mathrm{C}[X]$ .
Lct $F$ : $X’arrow X$ be a proper modification of $S$ such that $\{F^{*}h=0\}$ is normal
crossing [Hi]. Let $f’:=F^{*}f,$ $U’:=F^{-1}(U)(\simeq U)$ , and $Z’$ be the Zariski closure
of $U’$ in $X’$ . By a further proper modification of $Z’\backslash U’$ , we may assume that $Z’$ is
llon-singular and $Z’\backslash U’$ is a normal crossing divisor of $Z’$ . (Here we claim $Z’$ to
bc the closure of $U’$ , again.)
In the process of the above proper $\mathrm{n}\mathrm{l}\mathrm{o}\mathrm{d}\mathrm{i}\mathrm{f}\mathrm{i}\mathrm{c}\mathrm{a}\mathrm{t}\mathrm{i}_{0}\mathrm{n}$ , each center of blowing-up has an
$\mathrm{i}_{1}\mathrm{n}\mathrm{a}\mathrm{g}\mathrm{e}$ in $X$ which is closed in $X$ and does not intersect $U$ . Hence there is an affine
$0_{1})\mathrm{e}\mathrm{n}$ set $\tilde{V}\subset X_{0}$ such that $F:F^{-1}(\tilde{V})arrow\tilde{V}$ is an isomorphism, and $\tilde{V}\cap Z=U$ .
$\mathrm{S}1_{1}1\mathrm{i}\mathrm{n}\mathrm{k}\mathrm{i}\mathrm{n}\mathrm{g}X,$ $U$ , and $\tilde{V}$ , we may assume (A2”) for $\tilde{V}$ , i.e., $\tilde{V}=X_{0}\backslash \tilde{g}^{-1}(0)$ with
$,\backslash ;\mathrm{o}\mathrm{n}\mathrm{l}\mathrm{e}\tilde{g}\in \mathrm{C}[X]$. Put $X_{0}’:=X’\backslash f^{\prime-1}(0),\tilde{V}’:=F^{-1}(\tilde{V})$ and $\tilde{g}’:=F^{*}\tilde{g}$ . Then
$\tilde{V}’=X_{0}’\backslash \tilde{g}^{\prime-1}(0)$ . By a further proper modification of $\tilde{g}^{\prime-1}(0)$ , we may assume
$\mathrm{t}_{1}1_{1\mathrm{a}}\mathrm{t}\{F^{*}\tilde{g}\cdot F^{*}h=0\}$ is a normal crossing divisor of $X’$ . Note that $\tilde{V}’\cap Z’=U’$ .
Note also tllat we may assume that the above procedure always preserves (A3).
Illcleed, if $X$ etc. are obtained as $x\#$ etc. from some $X^{\mathrm{b}}$ etc., then first apply the
above procedure to $X^{\mathrm{b}}$ etc., and then apply $‘ \mathrm{b}arrow\#’$ .
Now, locally with respect to the classical topology, X’, $f’,$ $z’,$ $U’,\tilde{V}’$ and $\tilde{g}’$ can
bc regarded as those studied in (5.25) and (5.27). (Indeed, since $\{F^{*}\tilde{g}\cdot F^{*}h=0\}$ . is
$1\mathrm{l}\mathrm{o}\mathrm{r}\mathrm{m}\mathrm{a}\mathrm{l}$ crossing, and since $Z’$ is non-singular, we may regard locally with respect
to tlle classical topology that $X’=\mathrm{C}^{n},$ $Z’=\mathrm{C}^{I}\cross\{0\}^{H}$ with some partition
$I$ $\mathrm{u}H=[1, n]$ , and that $f’$ and $\tilde{g}’$ are monomials in the coordinate functions





$=\mathrm{C}^{E\mathrm{u}I}’\cross\{0\}^{H}\backslash (\{f’=0\}\cup\{\tilde{g}=0\}’)=\tilde{V}\prime \mathrm{n}Z’=U’$ ,




. Since $\tilde{g}’$ is a monomial in $x_{i}’ \mathrm{s}$ , we may assume that
$\tilde{j’(}(X)=\prod_{i}\in E^{X_{i}}\cross\prod_{j\in Fj^{j}}Xf(e_{i}’\in \mathrm{z}_{\geq 0}, f_{j}\in \mathrm{Z}_{>0})$ . Thus all the conditions for $X$ ,
$f,$ $Z,$ $U,$ $V$ and $\tilde{g}$ in (5.25) are satisfied with $X’,$ $f’,$ $Z’,$ $U’,\tilde{V}’$ and $\tilde{g}’.$ ) Identifying
$U’$ with $U$ , the locally constant sheaf $L$ on $U$ (cf. (5.24.1)) can be regarded as a
locally constant sheaf on $U’$ , which we shall denote by $L’$ . Put $Z_{0}’:=Z’\cap X_{0}’$ , and
lct $j_{0}’$ : $U’arrow Z_{0}’$ and $\dot{i}_{Z_{0}’}$ : $Z_{0}’arrow X_{0}’$ be the inclusion mappings. Let $\mathcal{M}’$ be a regular
$1101_{\mathrm{o}\mathrm{n}\mathrm{o}}\mathrm{m}\mathrm{i}\mathrm{C}D_{\mathrm{x}_{0}^{l}}$ -module such that
$\mathrm{D}\mathrm{R}_{X_{0}’}(\mathcal{M}’)[\dim x/]=(\dot{i}_{Z_{0}’})*(j_{0}’)!*L’1\dim z’]$ .
If we identify $\tilde{V}’=F^{-1}(\tilde{V})$ and $\tilde{V}$ , then $\mathcal{M}’|\tilde{V}’=\mathcal{M}|\tilde{V}$ . Take $0\neq u\in\Gamma(\tilde{V}, \mathcal{M})$
and $0\neq u’\in\Gamma(\tilde{V}’, \mathcal{M}’)$ which correspond to each other. Consider $u$ as a section
of $(j_{\overline{V}})_{*}(\mathcal{M}|\tilde{V})$ on $X_{0}$ , where $j_{\tilde{V}}$ : $\tilde{V}arrow X_{0}$ is the inclusion mapping. Since $\mathcal{M}\subset$
$(.\dot{7}_{\overline{V}})_{*}(\mathcal{M}|\tilde{V})$ and since $(j_{\tilde{V}})_{*}(\mathcal{M}|\tilde{V})/\mathcal{M}$ is supported by $\tilde{g}^{-1}(0),\tilde{g}^{m}u\in \mathcal{M}$ for a
sufficiently large $m$ . Replacing $u$ with $\tilde{g}^{m}u$ , and by the similar argument for $u’$ and
$.\tilde{(}j^{l}$ , we may assume that
(A8) $u$ (resp. $u’$ ) can be extended to a section of $\mathcal{M}$ (resp. $\mathcal{M}’$) on $X_{0}$ (resp.
$X_{0}’)$ .
Then $\mathcal{M}=D_{X_{0}}u$ and $\mathcal{M}’=D_{\mathrm{x}_{0}’}u’$ . Moreover, if $\mathcal{M}$ and $\mathcal{M}’$ are obtained as a
rcsult of $‘\#arrow^{\mathrm{b}}’$ , then we may and do assume that $u$ and $u’$ are also obtained as a
rcsult of the similar procedure (cf. (5.20)).
Lemma 5.29. Put $\int_{F|\mathrm{x}_{0}\mathrm{o}}^{0},$$D_{\mathrm{x}\prime}u’=:D_{X_{0}}\underline{v}$ . If ${\rm Re}(\alpha)\gg 0$ , then $\int_{F}^{0}D_{X’}(f^{\prime\alpha\prime}u)=$
$D_{X}(f^{\alpha}\underline{v})$ .
(Hcre $\int_{F}^{i}$(-) denotes the $\dot{i}$-th cohomology sheaf of $\int_{F}$(-) $:=RF*(Dxarrow x’\otimes_{D_{X}}^{L}, (-).)$
The proof is long and conle to an end in (5.38). Before embarking in the proof,
let us show that we can finish the proof of (5.16, (3)) assuming (5.29).




$=^{P}H^{0}(Rp_{!}j_{!\mathrm{x}_{0}}’\mathrm{D}\mathrm{R}’(D\mathrm{x}’(f^{\prime\alpha}u’)))$ , by (5.25) and (5.27),
$=j_{!}(^{P}H0(RF_{!}\mathrm{D}\mathrm{R}_{X_{0}’}(D_{X’}(f^{\prime\alpha}u’))))$ , since $j$ is affine,
$(=j_{!}(\mathrm{C}f^{-\alpha}\otimes^{p}H0(RF!\mathrm{D}\mathrm{R}_{X’0}\mathcal{M}’)))$ .
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(Here $pH^{0}$ denotes the perverse cohonlology; $pH^{0}\mathrm{o}\mathrm{D}\mathrm{R}=\mathrm{D}\mathrm{R}\mathrm{o}H^{i}$ for regular holo-
nomic $D$-modules.) Then (5.16, (3)) holds for the special type of $D_{X_{0}}$ -module $D_{X_{0}}\underline{v}$
$1_{)}\mathrm{y}(5.29)$ . Using this, and assuming $(\mathrm{A}1)-(\mathrm{A}6)$ , we prove (5.16, (3)) for $\mathcal{M}$ by the
illclllction on $d:=\dim \mathrm{s}\mathrm{u}\mathrm{p}\mathrm{p}D_{X_{0}}u$ . From the construction, $Dx_{0}\underline{v}$ is obtained as $\mathcal{K}\#$
from some $\mathcal{K}^{\mathrm{b}}$ . Consider a composition series of $\mathcal{K}^{\mathrm{b}}$ , and then apply $‘ \mathrm{b}arrow\#$ ’ as in
(5.20). Then we get a composition series
$D_{X_{0}}\underline{v}=D_{X_{0}}\underline{v}^{(}0)\neq^{D_{X_{0}}}\supset\underline{v}^{(1)}\neq\neq^{D_{X}}0\supset\ldots\supset\underline{v}(k)=0$ .
Note that each composition factor is obtained as a result of $‘ \mathrm{b}arrow\#$ ’ as in (5.20). Since
$D_{\mathrm{x}_{0}\underline{v}}|\tilde{V}=\mathcal{M}|\tilde{V}$ , exactly one of the composition factor is $\mathcal{M}$ , and the remaining
factors $D_{X_{0}}\underline{u^{()};}i:=D_{\mathrm{x}_{0}\underline{v}^{(i}}$) $/D_{\mathrm{x}_{0}\underline{v}^{(+1)}}i$ are supported by subvarieties of dimension
$<d$ . (Indeed, $\mathrm{s}\mathrm{u}\mathrm{p}\mathrm{p}(D_{x\prime u’})=Z_{0}’,$ $\mathrm{s}\mathrm{u}\mathrm{p}\mathrm{p}(D_{\mathrm{x}_{0}}\underline{v})\subset Z$ and $\dim(Z\backslash V)<\dim Z=d.$ )
Here we take as $\underline{w}^{(i)}$ the image of $\underline{v}^{(i)}$ . By the first step, (5.16, (3)) holds for $D_{X_{0}}\underline{v}$ .
By the induction hypothesis, it holds also for $D_{\mathrm{x}_{0}\underline{w}^{(i}}$) except for exactly one $\dot{i}$ . (In
olcler to apply the induction hypothesis to $D_{X_{0}}\underline{w}^{(}$ )$i$ , we need to $\mathrm{v}\mathrm{e}\mathrm{r}\mathrm{i}\Psi(\mathrm{A}1)-(\mathrm{A}6)$
for this $D$-module, replacing $X$ with a neighbourhood of $f^{-1}(0)$ if necessary. There
wollld be no difficulty except for (A5). As for (A5), note that, if (A3) is satisfied,
wc can apply the procedure (5.22) keeping (A3).) Therefore we get (5.16, (3)) for
$\mathcal{M}=D_{X_{0}}\underline{u}$ . (Cf. the argument of (5.24).) $\square$
Now we embark in the proof of (5.29).
Lemma 5.31.
$\int_{F|X_{0}’}^{0}D_{x\prime,0}[S](f/s\prime u)=D_{X}[0]S(f^{s}\underline{v})$ .
Proof. By (5.15), it suffices to show that
(5.31.1) $\int_{F}^{0}(|X_{0}’)\cross \mathrm{c}\cross \mathrm{x}_{0}D’\cross \mathrm{c}\cross(\delta(t-f’(X’))u(\prime X)/)$
$=D_{\mathrm{x}_{0^{\mathrm{X}}}^{\prime \mathrm{c}}}\mathrm{x}(\delta(t-f(X))\underline{v}(_{X}))$ .
By the isomorphism $X_{0}\cross \mathrm{C}^{\cross}arrow X_{0}\cross \mathrm{C}^{\cross},$ $(x, t)arrow*(x, t-f(X))$ and by the similar




5.32. By (A3) for $X’$ etc., $D_{X’}[s](f\prime su)’=D_{X}’(f’s\prime u)$ . Let $X^{\prime*}\subset X’$ be a
Zariski open neighbourhood of $f^{J-1}(0)$ such that $D_{X’}[s](f’’su)|X^{\prime*}$ is subholonomic.
Since $X^{*}:=X\backslash F(X’\backslash X^{\prime*})$ is a Zariski open neighbourhood of $f^{-1}(0)$ , and
since (5.29) holds outside of $f^{-1}(0)$ by (5.31), we may assume that $D_{X’}[s](fJsu)/$
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is subholonomic, replacing $X$ and $X’$ with $X^{*}$ and $F^{-1}(X^{*})(\subset X^{\prime*})$ . Further
sllrinking $x$ , we lnay assume that
(A9) $D_{X’}[s](f^{\prime s\prime}u)$ and $D_{X}[s](fs\underline{v})$ are subholonomic.
5.33. Put
$N:=D_{X}1s](fs\underline{v})$
$N’:= \Gamma(X, \int_{F}^{0_{D_{X}}}’[s](f^{\prime s\prime}u))$, and
$N”:=\mathrm{i}\mathrm{m}\mathrm{a}\mathrm{g}\mathrm{e}(\varphi:N’arrow N’[f^{-1}])$ ,
wllere $\varphi$ is the natural morphism. Then these are $D_{X}[S,t]$ -modules, and finitely
gcnerated $D_{X^{-}}.$.modules by (A9). By (5.31),
(5.33.1) $N[f^{-1}]=N’[f-1]=N’’[f-1]$ ,
alld this is a $D_{X}[s,t, t-1]$-module. Obviously
(5.33.2) $N[f^{-1}]=N[t^{-1}]$ .
Lct us show that
(5.33.3) $N”[f^{-}1]=N^{\prime/}[t-1]$ .
Since $N”[f-1](=N[f^{-1}])$ is a $D_{X}[s, t, t^{-1}]$ -module, the inclusion $‘\supset$ ’ is obvious.
Sillce $N”[f-1]=D_{X_{0}}[s](f^{s}\underline{v})$ (cf. (5.29) for $\underline{v}$, and (5.31)), it suffices to show that
$f^{\prime-;n}\cdot fSv_{i}\in N^{l/}[t^{-}1](m>0)$ , i.e., $t^{l}(f^{-m}\cdot f^{S}v_{i})\in N’’$ for $l\gg 0$ . The latter is
obvious. By $(5.33.1)-(5.33.3)$ ,
(5.33.4) $t^{m}N\subset N’’$ and $t^{m}N’/\subset N$
if $m,$ $\in \mathrm{Z}$ is sufficiently large. (Note that $N\subset N[f^{-1}]$ and $N”\subset N’’[f-1]$ . Note
also that, to obtain (5.33.4), $D_{X}[s]$ -finiteness of $N$ and $N”$ is enough.) Since
$N”\simeq t^{m}N’’\subset N$ as $D_{X}$-modules, $N”$ is subholonomic $D_{X}$-module. Moreover, we
can see that $N$ and $N”$ satisfy $(5.4.1)-(5.4.4)$ , using tlle above relations. (The $\mathrm{C}[s]-$
flattness of $N”[f^{-}1]$ follows from (5.33.1).) By $(5.33.4)|$ ’ we get natural morphisms
(5.33.5) $\frac{t^{3m}N^{\prime/}}{(_{S-\alpha})t3mN’/}arrow A\frac{t^{2m}N}{(s-\alpha)t^{2m}N}arrow B\frac{t^{m}N’’}{(_{S}-\alpha)tmN’},arrow c\frac{N}{(s-\alpha)N}$.




$N”(\alpha+3m)arrow N(\alpha+2m)arrow N^{\prime l}(\alpha+m)arrow N(\alpha)$ .
By (5.3), $BA$ and $CB$ become isomorphims if ${\rm Re}(\alpha)\gg 0$ . Then $B$ is an isomor-
$1)\mathrm{h}\mathrm{i}\mathrm{s}\mathrm{m}$ . Using (5.3) again, we get
$\simeq$
(5.33.7) $N(\alpha)arrow N’’(\alpha)$ if ${\rm Re}(\alpha)\gg \mathrm{O}$ .
Now, let $\pi$ : $T^{*}Xarrow X$ be the natural projection, $W:=\mathrm{c}\mathrm{h}(N)$ , and $W’$ $:=$
$\mathrm{c}\mathrm{h}(N’)$ , where $\mathrm{c}\mathrm{h}(-)$ denotes the characteristic variety. (Cf. (2.2). )
Lemma 5.34. (1) $W\cap\pi^{-1}(x_{0})=W’\cap\pi^{-1}(x_{0})$ . (2) $W’\backslash \pi^{-1}(x_{0})$ is isotropic.
Proof. We get (1) from (5.33.1). Let $\tilde{W}’:=\mathrm{c}\mathrm{h}(D_{X}’[s](f/_{S}u)’)$ , and $\tau^{*}x’arrow\rho$
$\varpi$
$T^{*}X\cross \mathrm{x}X’arrow T^{*}X$ the natural morphisms. (See (5.28) for $X’.$ ) By [Kal,
$\mathrm{T}1_{1\mathrm{e}\mathrm{o}\mathrm{r}\mathrm{e}\ln}4.2]$ ,
$W’\backslash \pi^{-}(1X_{0)}\subset\varpi\rho^{-}(1\tilde{W}’\backslash \pi’-1(X_{0}’))$ ,
where $\pi’$ : $T^{*}X’arrow X’$ denotes the natural projection. By (5.26) (cf. also (5.27)),
and by [Kal, Proposition 4.9], we get (2).
5.35. By (A9) and (5.34),
(5.35.1) $N’$ is a subholonomic $D_{X}$ -module, and
(5.35.2) $K:=\mathrm{k}\mathrm{e}\mathrm{r}(\varphi:N’arrow N’[f^{-}1])$ is a holonomic $D_{X}[s, t]$ -module.
Then by [Kal, Proposition 5.11],
(5.35.3) $t^{m}K=0$ for $m\gg \mathrm{O}$ .
For such $m$ ,
$\simeq$
(5.35.4) $\varphi$ : $t^{m_{N’}}arrow t^{m}N’’$ .
In fact, if $u\in N’$ and $\varphi(t^{m}u)=0$ , then $t^{m}\varphi(u)=0$ . Since $t:N’[f-1]arrow N’[f^{-}1]$
is injective, $\varphi(u)=0$ . Hence $u\in K,$ $t^{m}u=0$ , and (5.35.4) is injective. The
surjectivity is obvious. From (5.35.4), it follows that
(5.35.5) $\frac{t^{m}N’}{(_{S}-\alpha)t^{m}N’}arrow\simeq\frac{t^{m}N^{J\prime}}{(S-\alpha)t^{m}N’’}arrow-t^{m}\simeq\frac{N’’}{(_{S-\alpha}-m)N’’}\simeq N^{n}(\alpha)$
if ${\rm Re}(\alpha)\gg \mathrm{O}$ . (The last isomorphism follows from (5.3).)
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Lemma 5.36. Let $M$ be a $D[s]$ -module which is finitely generated as a D-module.
$P\uparrow\iota t,$ $\tau(\alpha):=\mathrm{k}\mathrm{e}\mathrm{r}(s-\alpha|Narrow N)$ . Then $T(\alpha)=0$ except for a finite number of $\alpha’s$ .
Froof. Since each $T(\alpha)(\alpha\in \mathrm{C})$ is a $D$-submodule of $M$ , and since for any mutually
distinct $\alpha_{0},$ $\alpha_{1},$ $\cdots,$ $\alpha_{l}\in \mathrm{C},$ $T( \alpha_{0})\cap\sum_{i=1}^{l}T(\alpha i)=0$ , we get the result. (Note that
$D$ is left noetherian.)
5.37. Put $R:=\mathrm{k}\mathrm{e}\mathrm{r}(t^{m} : N’arrow t^{m}N’),$ wllere $m$ is a sufficiently large integer.
Since $\mathrm{s}\mathrm{u}\mathrm{p}\mathrm{p}R\subset f^{-1}(0),$ $R$ is a holonomic $D_{X}$-module by (5.34, (2)). By (5.36),
$\mathrm{k}\mathrm{e}\mathrm{r}(s-\alpha-m|Rarrow R)=0$ if $m\in \mathrm{z}_{\geq 0}$ and ${\rm Re}(\alpha)\gg \mathrm{O}$ . In this case, $s-\alpha-m:Rarrow R$
is an isomorphism, since $R$ is $\mathrm{h}\mathrm{o}1_{\mathrm{o}\mathrm{n}}\mathrm{o}\mathrm{m}-\mathrm{i}\mathrm{C}$ . Applying the snake lemma to
$t^{m}$
$0arrow Rarrow N’arrow t^{m}N’arrow 0$
$\downarrow s-\alpha-m$ $1^{S-}\alpha-m$ $\downarrow s-\alpha$
$t^{\mathrm{m}}$
$0arrow Rarrow N’arrow t^{m}N’rightarrow 0$ ,
wc get
(5.37.1) $\frac{N’}{(s-\alpha-m)N’}\simeq\frac{t^{m}N’}{(s-\alpha)t^{m}N’}$
if ${\rm Re}(\alpha)\gg 0$ and $m\in \mathrm{z}_{\geq 0}$ .
5.38. Put $\tilde{N}:=D_{X’}[s](f;_{s}u)l$ and $\tilde{N}(\alpha)=\tilde{N}/(s-\alpha)\tilde{N}$ . If ${\rm Re}(\alpha)\gg 0$ and
$rt1,$ $\in \mathrm{z}_{\geq 0}$ , we get the $\mathrm{c}\mathrm{o}\mathrm{m}\mathrm{n}$)$\mathrm{u}\mathrm{t}\mathrm{a}\mathrm{t}\mathrm{i}\mathrm{V}\mathrm{e}$ diagram
$0rightarrow N’$ $arrow s-\alpha N’arrow$ $\int_{F}^{0}\tilde{N}(\alpha)$ $arrow\int_{F}^{1}\tilde{N}$
$\uparrow t^{m}$ $\uparrow t^{m}$ $\uparrow\simeq$ $\uparrow t^{m}$
$0 arrow N’arrow s-\alpha-mN’arrow\int_{F}^{0}\tilde{N}(\alpha+m)arrow\int_{F}^{1}\tilde{N}$
whose first row is exact. Here $N’$ is the $D_{X}$-module associated to $N’$ , i.e., $N’=$
$. \int_{F}^{0}\tilde{N}$ . The injectivity of $s-\alpha$ follows from (5.36). Let $\mathcal{K}$ be the largest holonomic
$\mathrm{s}\iota\iota \mathrm{b}\mathrm{m}\mathrm{o}\mathrm{d}\mathrm{u}\mathrm{l}\mathrm{e}$ of $\int_{F}^{1}\tilde{N}$ . Since $\mathcal{K}$ has a $D_{X}[s, t]$-module structure, $t^{m}\mathcal{K}=0$ for $m\gg \mathrm{O}$ .
Since $\int_{F}^{0}\tilde{N}(\alpha+m)$ is holonomic, its inuage in $\int_{F}^{1}\tilde{N}$ is annihilated by $t^{m}(m\gg \mathrm{O})$ .
Hcnce we get the sequence
(5.38.1) $0 arrow N’arrow N’s-\alphaarrow\int_{F}^{0}D_{X}’(f^{\prime\alpha\prime}u)arrow 0$
if ${\rm Re}(\alpha)\gg \mathrm{O}$ , i.e.,
(5.38.2) $\frac{N’}{(_{S}-\alpha)N’}\simeq\Gamma(X, \int_{F}^{0}D_{X’}(f^{\prime\alpha}u’))$.
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Summing up, we get




$= \Gamma(X, \int_{F}^{0}D_{X^{J}}(f^{l\alpha}u’))$ by (5.38.2)
if ${\rm Re}(\alpha)\gg 0$ . Thus
$\int_{F}^{0}D_{X^{\prime(f^{\prime\alpha\prime})}}u=D_{X}(f^{\alpha_{\underline{1\prime}}}l)$
and we get (5.29), and hence we have also completed the proof of (5.16).
5.39. Let Mod $(D_{X})$ denote the category of (left) $D_{X}$-modules, $\mathrm{M}\mathrm{o}\mathrm{d}_{h}(D_{x)}$ (resp.
$\mathrm{M}\mathrm{o}\mathrm{d}_{rh}(D_{X}))$ its full subcategory consisting of holonomic (resp. regular holonomic)
$D_{X^{-1}}\mathrm{n}\mathrm{o}\mathrm{d}\mathrm{U}\mathrm{l}\mathrm{e}\mathrm{s},$ $D(D\mathrm{x})$ the derived category of Mod$(D_{X})$ , and $D_{h}^{b}(D_{\mathrm{x}})$ (resp. $D_{rh}^{b}(D_{x)})$
the full subcategory of $D(D_{X})$ consisting of bounded complexes with holonomic
(resp. regular holonomic) cohomologies. By [Be] (together with [Ka3], [Me]),
(5.39.1) $D_{rh}^{b}(D_{X})=D^{b}(\mathrm{M}\mathrm{o}\mathrm{d}_{rh}(DX))$ .
If $X$ is $\mathrm{a}\dot{\mathrm{n}}$ affine variety, we can define Mod$(D_{X}),$ $\mathrm{M}\mathrm{o}\mathrm{d}_{h}(D_{x)},$ $\mathrm{M}\mathrm{o}\mathrm{d}_{rh}(D_{\mathrm{x})}$ ,
$D(D_{X}),$ $D_{h}^{b}(D\mathrm{x})$ and $D_{rh}^{b}(DX)$ in the sanue way as above.
Let Mod $(\mathrm{c}_{X})$ denote the category of $\mathrm{C}_{X}$-modules, $D(\mathrm{C}_{\mathrm{x}})$ its derived category,
and $D_{c}^{b}(\mathrm{c}_{X})$ the full subcategory of $D(\mathrm{C}_{x})$ consisting of bounded comp.lexes with
(algebraically) constructible cohomologies.
5.40. $D_{X}$-Modules $(f^{\alpha}, \mathcal{M})_{*}$ and $(f^{\alpha}, \mathcal{M})_{!}$ . Let $0\neq f\in \mathrm{C}[X],$ $j$ : $X_{0}=$
$X\backslash f^{-1}(\mathrm{O})arrow X$ be the inclusion mapping, and $\mathcal{M}$ a regular holonomic $D_{X_{0^{-}}}$
module. If $\mathcal{M}$ is generated by global sections $\underline{u}=(u_{1}, \cdots, u_{p})(u_{i}\in\Gamma(X_{0}, \mathcal{M}))$ ,
then we can define $D_{X}(f^{\alpha}\underline{u})$ as in (5.9). Let $\underline{v}=(v_{1}, \cdots , v_{q})$ be another global $\cdot$
generator systenu of the $D_{X_{0}}$ -module $\mathcal{M}$ . Then for $m\in \mathrm{Z}$ ,
$\mathrm{D}\mathrm{R}_{X}(D_{X}(f\alpha+m\underline{u}))=\mathrm{D}\mathrm{R}_{X}(D_{X}(f\alpha+m\underline{v}))=\{$
$Rj_{*}(\mathrm{C}f^{-}\alpha\otimes \mathrm{D}\mathrm{R}_{X_{0}}(\mathcal{M}))$ if $m\ll \mathrm{O}$
$j_{!}(\mathrm{C}f^{-}\alpha\otimes \mathrm{D}\mathrm{R}_{X_{0}}(\mathcal{M}))$ if $m\gg \mathrm{O}$
by (5.16). Hence the natural isomorphism $D_{X}(\mathrm{o}f^{\alpha+m}\underline{u})\simeq D_{X}(\mathrm{o}f^{\alpha+m}\underline{v})(\simeq D_{x_{0}}f^{\alpha}\otimes \mathcal{O}_{X}0$
$\mathcal{M})$ umiquely extends to $D_{X}(f\alpha+m\underline{u})\simeq D_{X}(f^{\alpha}+m\underline{v})$ if $m\gg \mathrm{O}$ or $m\ll \mathrm{O}$ . By the
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same reason, $D_{X}(f\alpha+m\underline{u})$ is independent of a special choice of $m\in \mathrm{Z}$ as far as
$7Y\mathrm{i},$ $\gg 0$ or $m\ll 0$ .
Generally, let $X= \bigcup_{i}U_{i}$ be a finite open covering, $\underline{u}^{(i)}\in\Gamma(U_{i}, \mathcal{M})^{p:}(p_{i}\in \mathrm{z}_{\geq 0})$
a finite generator system of $\mathcal{M}|U_{i}$ , and consider $D_{U}:(f^{\alpha+}m)\underline{u}^{(i)}$ ( $m\gg \mathrm{O}$ or $m\ll \mathrm{O}$).
By what we have seen above, these $D_{U}$:-modules patch together. In other words,
tllere uniquely exist regular holonomic $D_{X}$-modules $(f^{\alpha}, \mathcal{M})_{*}=(f^{\alpha}, \mathcal{M})_{*,X}$ and
$(f^{\alpha}, \mathcal{M})_{!}=(f^{\alpha}, \mathcal{M})_{!,X}$ such that
(5.40.1) $D_{U_{i}}(f^{\alpha+}m)\underline{u}^{(i)}=\{$
$(f^{\alpha}, \mathcal{M})_{*}|U_{i}$ if $m\ll 0$
$(f^{\alpha}, \mathcal{M})_{!}|U_{i}$ if $m\gg 0$ .
Tllen
(5.40.2) $\mathrm{D}\mathrm{R}_{X}((f\alpha, \mathcal{M})_{*})=Rj_{*}(\mathrm{C}f-\alpha\otimes \mathrm{D}\mathrm{R}_{X_{0}}(\mathcal{M}))$, and
(5.40.3) $\mathrm{D}\mathrm{R}_{X}((f\alpha, \mathcal{M})_{!})=j_{!}(\mathrm{C}f-\alpha\otimes \mathrm{D}\mathrm{R}x_{0}(\lambda 4))$ .
By (5.40.2) and (5.40.3), $\mathcal{M}rightarrow(f^{\alpha}, \mathcal{M})_{*}$ and $\mathcal{M}rightarrow(f^{\alpha}, \mathcal{M})_{!}$ are exact functors
$\mathrm{M}\mathrm{o}\mathrm{d}_{rh}(D\mathrm{x}_{0})arrow \mathrm{M}\mathrm{o}\mathrm{d}_{rh}(Dx)$ . By (5.39.1), these functors have natural extensions
$D_{rh}^{b}(D_{\mathrm{x}_{0}})$
$arrow D_{rh}^{b}(D_{X})$ , which we shall denote by the same notation. Then (5.40.2) and
(5.40.3) hold for $\mathcal{M}\in D_{rh}^{b}..(D_{\mathrm{x}_{0}})$ as well.
5.41. $\mathrm{D}\mathrm{u}\mathrm{a}\mathrm{I}\mathrm{i}\mathrm{t}\mathrm{y}$ . For $\mathcal{L}\in D_{h}^{b}(D_{\mathrm{x}})$ , its dual $\mathrm{D}(\mathcal{L})=\mathrm{D}_{X}(\mathcal{L})=D\mathrm{D}_{X}(\mathcal{L}^{\cdot})$ is defined
by
$\mathrm{D}(\mathcal{L}):=R\underline{\mathrm{H}\mathrm{o}\mathrm{m}}_{D_{d}}\backslash ’(\mathcal{L}, D_{X})\otimes_{\mathcal{O}_{X}}\Omega_{X}^{\dim}X1^{\mathrm{d}}\mathrm{i}\mathrm{m}x]$,
where $\Omega_{\dot{X}}^{i}$ denotes the sheaf of regular differential forms of degree $\dot{i},$ $\underline{\mathrm{H}\mathrm{o}\mathrm{m}}$ denotes the
shcaf of local homomorphisms, and $R\underline{\mathrm{H}\mathrm{o}\mathrm{m}}$ its derived. functor. For $L\in D_{h}^{b}(D_{X})$ ,
$\mathrm{D}L$ is defined in a sinzilar way.
We denote the Verdier duality by $\mathrm{D}=\mathrm{D}_{X}=\mathrm{c}_{\mathrm{D}_{\mathrm{x};}}$
$\mathrm{D}$(-) $:=R\underline{\mathrm{H}\mathrm{o}\mathrm{m}}\mathrm{c}_{X}$ (-, $\mathrm{c}_{\mathrm{x}1^{2\dim X])}}$ .
It is known that
$\mathrm{D}(\mathrm{D}\mathrm{R}(\mathcal{L}^{\cdot})[\dim X])=\mathrm{D}\mathrm{R}(\mathrm{D}\mathcal{L})[\dim X]$
for $\mathcal{L}^{\cdot}\in D_{h}^{b}(D_{X})$ ( $[\mathrm{H}\mathrm{o}$ , Chapter V, \S 5, 5.1]). By (5.40.2) and (5.40.3),
(5.41.1) $\mathrm{D}_{X}(f^{\alpha},\mathcal{M}^{\cdot})*=(f^{-\alpha}, \mathrm{D}_{X}\mathcal{M}^{\cdot})_{!}0$
for $\mathcal{M}\in D_{rh}^{b}(D_{x_{0}})$ .
5.42. Integration of $D$-module$s$ . Let $F:Xarrow \mathrm{Y}$ be a morphism between non-
singular algebraic varieties over C. Let $\int_{F}$ denote the usual functor of integration of
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$D_{x^{-\mathrm{n}\mathrm{l}\mathrm{o}}\mathrm{d}}\mathrm{U}\mathrm{l}\mathrm{e}\mathrm{S}$ along fibres [Kal] (cf. [Ho, Chapter I, 3.4]). Put $\int_{F!}:=\mathrm{D}_{\mathrm{Y}^{\mathrm{O}}}\int_{F}\mathrm{o}\mathrm{D}_{X}$ .
Lct $0\neq g\in \mathrm{C}[Y].$, and assume that $f:=F^{*}g\not\equiv \mathrm{O}$ . Then by (5.40.2) and (5.40.3),
(5.42.1) $\int_{F}(f^{\alpha}, \mathcal{M})*=(g^{\alpha}, \int_{F|X_{0}}\mathcal{M})_{*}$ , and
(5.42.2) $\int_{F!}(f^{\alpha}, \mathcal{M})!=(g^{\alpha}, \int_{F|X_{0},!}\mathcal{M})!$
for $\mathcal{M}$ $\in D_{rh}^{b}(D_{\mathrm{x}_{0}})$ . See [Ho, Chapter V, 5.3]. (Note that we do not need to
$\dot{\zeta}\iota_{\mathrm{c}}^{\mathrm{C}};\mathrm{s}\iota 1\mathrm{m}\mathrm{e}F$ to be proper.)
5.43. Pull-back. Keep the notation of (5.42). Define the functors $Dp!$ and $DF^{*}$
fionl $D^{b}rh.(D_{Y})$ to $D_{rh}^{b}(D_{x)}$ so that
$(\mathrm{D}\mathrm{R}_{X}\mathrm{o}^{D}F^{!})[\dim x]=(F^{!}\circ \mathrm{D}\mathrm{R}_{Y})[\dim \mathrm{Y}]$ , and
$(\mathrm{D}\mathrm{R}_{X}\mathrm{o}^{D}F^{*})[\dim x]=(F^{*}\mathrm{o}\mathrm{D}\mathrm{R}_{Y})[\dim \mathrm{Y}]$.
(See [Ho, Chapter I.3.5.1],, where $DF^{!}$ is denoted by $p!$ . The functor $DF^{*}$ is defined
by $\mathrm{D}_{\mathrm{x}^{\mathrm{o}^{D!}}Y}F\mathrm{o}\mathrm{D}$ [Ho, Chapter III, 3.1.1].) Then by (5.40.2) and (5.40.3),
(5.43.1) $DF!(g\alpha, \mathcal{M})_{*}=(f^{\alpha},(F|DX_{0})^{!}\mathcal{M})_{*}$ , and
(5.43.2) $DF^{*}(g^{\alpha}, \mathcal{M})_{!}=(f^{\alpha},(F|x_{0})D*\mathcal{M})_{!}$
for $\mathcal{M}\in D_{rh}^{b}(D_{Y_{0}})$ .
5.44. Tensor product. In the notation of (5.40), it is easy to see that
(5.44.1) $(f^{\alpha}, D_{\mathrm{x}_{0}}f^{\beta}\otimes 0_{\mathrm{x}_{0}}\mathcal{M})_{*}=(f^{\alpha+\beta}, \Lambda 4)_{*}$ , and
(5.44.2) $(f^{\alpha}, D_{X}f0\otimes \mathrm{o}X\beta \mathcal{M}^{\cdot})_{!}0=(f^{\alpha+\beta}, \mathcal{M}^{\cdot})_{!}$
for $\mathcal{M}\in D_{rh}^{b}.(D_{X_{0}})$ . Let $X_{i}(\dot{i}=1,2)$ be non-singular varieties, $0\neq f_{i}\in \mathrm{C}[x_{i}]$ ,
and $X_{i,0}:=X_{i}\backslash f_{i}^{-1}(\mathrm{o})$ . Then
(5.44.3)
$((f_{1}$ $f_{2})^{\alpha}, \mathcal{M}_{1}$ $\mathcal{M}_{2})_{*}=(f_{1}^{\alpha}, \mathcal{M}_{1})_{*}$ $(f_{2}^{\alpha}, \mathcal{M}_{2})_{*}$ , and
(5.44.4)
$((f_{1^{\otimes}}f_{2})^{\alpha}, \mathcal{M}^{\cdot}1$ $\mathcal{M}_{2}^{\cdot})_{!}=(f_{1}^{\alpha}, \mathcal{M}^{\cdot}1)_{!}$ $(f_{2}^{\alpha}, \mathcal{M}_{2}^{\cdot})!$ ,
for $\mathcal{M}_{i}\in D_{rh}^{b}(D_{\mathrm{x}_{0}})$ . Now consider the case where $X_{1}=X_{2}=X,$ $f_{1}=f_{2}=f$ ,
$\mathcal{M}_{1}=\mathcal{M}$ , and $\mathcal{M}_{2}=D_{X_{0}}f^{\beta-\alpha}\otimes_{\mathcal{O}_{X_{0}}}\mathcal{M}$ . Let $\Delta$ : $Xarrow X\cross X$ be the diagonal
morphism, and consider the pull-back of (5.44.3) using (5.43.1) and (5.44.1). Then
we get
(5.44.5) $(f^{\alpha+\beta}, \mathcal{M}_{1\mathcal{O}_{X}}^{\cdot}\otimes^{L}0\mathcal{M}_{2}^{\cdot})_{*}=(f^{\alpha}, \mathcal{M}_{1}^{\cdot})*\otimes_{\mathcal{O}_{\mathrm{x}}}^{L}(f^{\beta},\mathcal{M}_{2}^{\cdot})_{*}$
for $\mathcal{M}_{i}\in D_{rh}^{b}(\mathcal{O}_{x_{i}},0)$ .
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Lemma 5.45. If $\mathcal{M}\in \mathrm{M}\mathrm{o}\mathrm{d}_{rh}(Dx_{0})$ is locally free $\mathcal{O}_{X_{0}}$ -module of rank $r$ , then
$\underline{\mathrm{c}\mathrm{h}}(f^{\alpha}, \mathcal{M})_{*}=\underline{\mathrm{c}\mathrm{h}}(f^{\alpha}, \mathcal{M})_{!}=r\cdot\underline{\mathrm{c}\mathrm{h}}(D_{X}f^{\alpha})$ .
(Here $\underline{\mathrm{C}\mathrm{h}}(-)$ denotes the characteristic cycle. See (2.2.4).)
Proof. By (5.16), [Hi] and [La], we may assume that $f^{-1}(0)$ is normal crossing.
Since the problem is local (with respect to the classical topology), we may assume
that $X=\mathrm{C}^{n}=$ $\{(x_{1}, \cdot\vee\cdot , x_{n})\}$ and $f$ is a monomial. By the usual devissage, we
lnay assume that $\mathcal{M}=D_{X_{0}}(x_{1}^{\beta}\cdots x1\beta_{n}n)(\beta_{i}\in \mathrm{C})$ . Then the assertion becomes
obvious. $\square$
Lemma 5.46. If $\mathcal{M}\in \mathrm{M}\mathrm{o}\mathrm{d}_{f}h(D_{\mathrm{x}_{0}})$ , then $\underline{\mathrm{c}\mathrm{h}}(f^{\alpha},.\mathcal{M})_{*}$ . $=\underline{\mathrm{c}\mathrm{h}}(f^{\alpha}, \mathcal{M})_{!}\lambda and$ it is
$i,r?,dependent$ of $\alpha\in \mathrm{C}$ .
Proof. Since the assertion is of local nature, we may assume that $\mathcal{M}$ has a finite
global generator system $\underline{u}$ . Then it is enough to prove that
(5.46.1) $\underline{\mathrm{c}\mathrm{h}}D_{\mathrm{x}}(f^{\alpha}\underline{u})$ is independent of $\alpha\in \mathrm{C}$ .
As we can see from (5.40), we can reduce the proof to the case where $\mathcal{M}$ is a
sinlple $D_{X_{0}}$-lnodule. By the argument of (5.30), we can reduce the proof to the
case considered in (5.25). Thus we get the assertion by a direct calculation.
CHARACTERISTIC CYCLE $\mathrm{o}\mathrm{F}D_{x[S}$ ] $(f^{S}\underline{u})$
Lemma 5.50. Let $Dx_{0}\underline{u}$ be a regular holonomic $D_{X_{0}}$ -module such that $\mathrm{D}\mathrm{R}_{X_{0}}(D_{X_{0}}\underline{u})$
is a locally constant sheaf of rank $r$ . Then $D_{X}[S](f^{S}\underline{u})$ is $D_{X}$ -coherent, and
$\underline{\mathrm{c}\mathrm{h}}(D_{X}[S](fS\underline{u}))=r\cdot[W_{f}]$ ,
$\uparrow nh,ereW_{f}$ is the Zariski closure in $T^{*}X$ of
$\{(x, sd\log f(X))\in T^{*}X_{0}|s\in \mathrm{C}^{\cross}\}$ .
(Recall $\mathrm{t}\mathrm{h}\mathrm{a}\mathrm{t}_{\underline{\mathrm{C}}}\mathrm{h}(-)$ denotes the characteristic cycle. Cf. (2.2.4).)
Proof. (1) First consider the case where
$X=\mathrm{C}^{n}$ ,
$[1, n]=E\mathrm{u}F$,
$f(x)=i \prod_{\in E}x_{i}^{e}:(e_{i}\in \mathrm{Z}>0)$
,
$u(x)= \prod_{i\in E}x_{i}\lambda:(\lambda_{i}\in \mathrm{C})$
,
and $\underline{u}$ consists of only one section $u$ . Then we can prove by a direct calculation.
(2) Next consider the case where $X,$ $f(x)$ and $u(x)$ are the same as in (1), but
$\underline{u}=$
$(u_{1}, \cdots , u_{p})(u_{i}\in D_{X_{0}}(\prod iX^{\lambda}i:), 1\leq\dot{i}\leq p)$ is an arbitrary global generator
system of $D_{\mathrm{x}_{0}u}$ . Put Euler: $= \sum_{i=1^{X}}^{n}i\partial_{x_{i}}$ , and decompose $u_{i}$ as $u_{i}= \sum_{j=1}^{q}v_{ij}$ so
that $(\mathrm{E}\mathrm{u}\mathrm{l}\mathrm{e}\mathrm{r})v_{ij}\in \mathrm{C}v_{ij}.$ Put $\underline{v}=(v_{ij})_{ij}$ . Then we get a natural morphism
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$N$ $:=D_{X}[S](f^{s}\underline{u})arrow N’:=\varphi D_{X}[S](f^{S}\underline{v})=D_{X}(f^{s}\underline{v})$ .
$\simeq$
Since $N[f^{-1}]arrow N’[f^{-}1]$ and since $N\subset N[f^{-1}]$ and $N’\subset N’[f^{-1}]$ by (5.9.5), $\varphi$ is
injective. Since $N$ is a finite $D_{X}$-submodule of the finite $D_{X}$-module $N’,$ $N$ is also
$D_{X}$-finite. Since $N[t^{-1}]=N[f^{-1}]=N’[f-1]=N’[t^{-}1]$ , and since $N$ and $N’$ are
$D_{X}[S]$-finite, $N\simeq t^{m}N\subset N’$ and $N’\simeq t^{m}N’\subset N$ for a sufficiently large integer
$\prime\prime r\},$ . Hence the assertion holds in this case.
(3) Consider the case where $X$ and $f(x)$ are the same as in (1), but $D_{\mathrm{x}_{0}\underline{u}}$ is
arbitrary. We prove by the induction on the length $l(=r)$ of $D_{\mathrm{x}_{0}\underline{u}}$ . If $l=1$ , we have
already done in (2). Assume $l>1$ , and let $D_{X_{0}}\underline{u}’$ be a simple submodule of $D_{x_{0}\underline{u}}$.
Then $u_{i}’=f^{-k^{\backslash }} \sum_{j}Q_{ijj}u$ with sonle $k\in \mathrm{z}_{\geq 0}$ and $Q_{ij}\in D_{X}$ . Take $m\gg \mathrm{O}$ so that
$f^{6+}m-k\backslash Qijf^{-S}=:P_{ij}(s)\in D_{X}[s]$ . Then $f^{s+m}u_{i}/= \sum_{j}P_{ij}(f^{S}uj)\in D_{X}[S](f^{S}\underline{u})$ .
Hence, replacing $\underline{u}’$ with $fm\underline{u}’$ , we may assume that $D_{X}[s](fs\underline{u})’\subset D_{X}[s](f^{S}\underline{u})$ .
Let $\underline{u}’’$ be the image of $\underline{u}$ in $D_{x_{0}\underline{u}}/D_{x_{0}\underline{u}’}$ . Put $N:=D_{X}[S](f^{s}\underline{u}),$ $N’$ $:=$
$D_{X}[s](f^{S}\underline{u}’)$ aud $N”:=D_{X}[s](f^{s}\underline{u})\prime\prime$ . Then the length of $D_{\mathrm{x}_{0}\mathrm{S}}\underline{u}’’\mathrm{i}l-1$ , and
$0arrow N’arrow Narrow N^{J\prime}BCarrow 0$ , and
$B’$ $C’$
$0arrow N’[f^{-}1]arrow N[f^{-1}]arrow N’’[f-1]arrow 0$
arc exact sequences of $D_{X}[s, t]$-modules, possibly except for the middle term of the
first sequence. Regard $N’\subset N$ by $B$ . Put $R:=\mathrm{k}\mathrm{e}\mathrm{r}C$ . Then
(5.50.1) $R\simeq t^{m}R=t^{m}(N’[f-1]\cap N)=t^{m}(N’[t-1]\cap N)\subset N’\subset R$ $(m\gg 0)$ .
(Note that $D_{X}[s]$ is left noetherian, and hence $N’[t-1]\cap N$ is a finite $D_{X}[S]$ -module.)
Since $t^{m}R$ is a $D_{X}$-submodule of the finite $D_{X}$-module $N’,$ $R$ is also $D_{X}$-finite.
From (5.50.1) and (2), we get $\underline{\mathrm{c}\mathrm{h}}R=\underline{\mathrm{c}\mathrm{h}}N’=[W_{f}]$ . On the other hand, $N”$ is
$D_{X}$-finite and $\underline{\mathrm{c}\mathrm{h}}N\prime\prime=(r-1)[Wf]$ by the inducti..o$\mathrm{n}$ hypothesis. Hence we get thercsult in this case.
(4) Consider the case where $X$ is general and $f^{-1}(0)$ is normal crossing. It is
cnough to prove the similar assertion in the category of $D_{X}^{an}$-modules. Thus it
follows from the $D^{an}$-analogue of (3), which follows from (3).
(5) Consider the general case. We may and do assume $X$ to be affine. Let
$F:X’arrow X$ be a proper modification of $f^{-1}(0)$ such that the zero locus of $f’:=F^{*}f$
is nornlal crossing. Put $X_{0}’:=X’\backslash f^{J-1}(0)(\simeq X_{0})$ , identify $D_{\mathrm{x}_{0}\underline{u}}$ with a $D_{X_{0}’}$ -
module, and denote it by $D_{X_{0}^{\prime\underline{u}’}}$ . Put
$N:=D_{X[S}](f^{s}\underline{u})$ ,
$N’:= \Gamma(X, \int_{F}^{0_{D_{X}\prime 1](}}Sf;s)\underline{u}’)$ , and
$N”:=\mathrm{i}\mathrm{m}\mathrm{a}\mathrm{g}\mathrm{e}(N^{J}arrow N’[f-1])$ .
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Then these are $D_{X}[s, t]$ -modules, and, $N’$ and $N”$ are finite $D_{X}$ -modules by (4).
Although we know only the $D_{X}[S]$ -finiteness of $N$ at the first stage, we can apply
(5.33.4) to the present $N$ and $N”$ . Since we have already obtained the $D_{X}$-finiteness
of $N”,$ $N$ is also $D_{X}$-finite. Then the argunlent of (5.33) and (5.35) works in the





by (4), (5.26) and [Kal, Proposition 4.9]
where $\Lambda_{\nu}$ and $\Lambda_{\mu}’$ are some holonomic varieties. Thus we get the assertion in the
same way as the proof of [Kal, Corollary 5.12].
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51 $\mathcal{O}=\mathcal{O}_{X},$ $D=D_{X},$ $D_{A}=D_{X_{1}A}:=D_{X}\otimes \mathrm{c}^{A},$ $D_{A}=D_{X,A}:=D_{X}\otimes_{\mathrm{C}}A$ ,
$D[s]=D_{X[]}s:=D_{\mathrm{x}\otimes \mathrm{c}}\mathrm{c}[s],$ $D[s, t]=D_{\mathrm{x}}1S,$ $t]:=D\otimes_{\mathrm{C}}\mathrm{C}[S, t]$
5.2. $b(s, N),$ $A_{+}(N),$ $A_{-}(N),$ $N(\alpha)$
5.9. $X_{0}:=X\backslash f^{-1}(0),$ $D_{X}[s](f^{s} \underline{u})=\sum_{i}D_{X}1s](f^{s}\underline{u})_{i},$ $D_{X}(f \alpha\underline{u})=\sum_{i}D_{X(}f^{\alpha}\underline{u})i$ ,
$D_{X}[s](f^{s}\underline{u}),$ $D_{X}(f^{\alpha}\underline{u}),$ $f^{s}\underline{u}|V,$ $(f^{s}\underline{u}|V)_{i},$ $f^{\alpha}\underline{u}|V,$ $(f^{\alpha}\underline{u}|V)_{igf\underline{u}|},SV$
$j_{V}$ $j$
5.16. $Varrow X_{0}arrow X$
5.24. $Z,$ $L,$ $Uarrow Z_{0}j_{0}arrow x_{0}i_{Z_{0}}$
5.39. $\mathrm{M}\mathrm{o}\mathrm{d}_{h}(D\mathrm{x}),$ $\mathrm{M}\mathrm{o}\mathrm{d}_{rh}(D\mathrm{x}),$ $D_{h}b(D\mathrm{x}),$ $D_{r}bh(DX),$ $D_{c}b(\mathrm{c}x)$
5.40. $(f^{\alpha}, \mathcal{M})_{*},$ $(f^{\alpha}, \mathcal{M})_{!}$
5.47. $\mathrm{K}$ (algebraic closure of $\mathrm{C}(s)$ )
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